Circles, Coordinates,
and Constructions

4

ESSENTIAL QUESTIONS

Unit Overview

In this unit you will study many geometric concepts and
theorems related to circles, including angles, arcs, and segments
of circles. You will study coordinate geometry to prove some
theorems about triangles and line segments in order to enhance
your understanding of the relationships between algebra and
geometry. You will derive the equation for a circle and for a
parabola. Then you will apply what you have learned, along with
your knowledge of geometric constructions, in order to model
and solve various geometric problems.

How are the geometric
properties of circles, their
coordinates, and
constructions used to model
and describe real-world
phenomena?
Why is it important to
understand coordinate
geometry and geometric
constructions?

Key Terms
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As you study this unit, add these and other terms to your math
notebook. Include in your notes your prior knowledge of each
word, as well as your experiences in using the word in different
mathematical examples. If needed, ask for help in pronouncing
new words and add information on pronunciation to your math
notebook. It is important that you learn new terms and use them
correctly in your class discussions and in your problem solutions.

Academic Vocabulary
• conjecture
Math Terms
• circle
• tangent
• radius
• diameter
• chord
• arc
• equidistant
• tangent segment
• bisecting ray
• minor arc
• major arc

• central angle
• inscribed angle
• coordinate proof
• biconditional statement
• directed line segment
• parabola
• focus
• directrix
• geometric construction
• inscribed
• circumscribed

EMBEDDED ASSESSMENTS
This unit has two embedded
assessments, following Activities 25
and 29. The first will give you the
opportunity to apply theorems
relating to circles. You will also be
asked to apply the relationships
among angles, radii, chords, tangents,
and secants to a real-world context.
The second assessment focuses on
coordinate geometry and directed
line segments to determine possible
locations for a company, given
certain criteria.
Embedded Assessment 1:

Circles

p. 371

Embedded Assessment 2:

Coordinates and
Constructions

p. 429
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UNIT 4

Getting Ready
Write your answers on notebook paper.
Show your work.
8. Sketch a line, b, that is the perpendicular
bisector of a segment, AC. Describe the
geometric characteristics of your sketch.

1. Simplify.
75

b.

32 + 18

9. Complete the square to create a perfect square
trinomial.

2. Solve the following for x.
a. x2 − 7x + 10 = 0
b. 4(x + 2) = 6x
c. x(x + 1) = 2(x + 1)

a. x2 + 16x
b. x2 − 10x

3. Find the following products.
a. (5x2)(3x2)
b. 2y(3y + 5)

10. Determine the type of function graphed below.
Then identify the line of symmetry.
y

4. Find the distance between the following:
a. (3, 4) and (−2, 6)
b. (1, 3) and (5, 3)
5. Find the measure of ∠A.

4
3
2
1
–4 –3 –2 –1
–1
–2
–3
–4

A

6. In the figure below, AC = 14 units,
BD = 12 units, and AD = 20 units. Find BC
and AB.
A

B

C

1 2 3 4

11. Describe how the graph of y = x2 differs from
the graph of y = −x2.
12. What is true about the slopes of parallel lines?
What is the relationship of the slopes of
perpendicular lines?

D

7. Compare and contrast the characteristics of a
radius, a diameter, and a chord of a circle.
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a.

Tangents and Chords

ACTIVITY 24

Off on a Tangent
Lesson 24-1 Circle Basics
My Notes

Learning Targets:

• Describe relationships among tangents and radii of a circle.
• Use arcs, chords, and diameters of a circle to solve problems.

SUGGESTED LEARNING STRATEGIES: Create Representations,
Interactive Word Wall, Use Manipulatives, Think-Pair-Share, Quickwrite

A circle is the set of all points in a plane at a given distance from a given
point in the plane. Lines and segments that intersect the circle have special
names. The following illustrate tangent lines to a circle.

MATH TIP
A circle consists of an infinite
number of points.

1. On the circle below, draw three unique examples of lines or segments
that are not tangent to the circle.

© 2015 College Board. All rights reserved.

2. Attend to precision. Write a definition of tangent lines.

3. Using the circle below,
a. Draw a tangent line and a radius to the point of tangency.

MATH TERMS
The radius of a circle is a segment,
or length of a segment, from the
center to any point on the circle.

b. Describe the relationship between the tangent line and the radius of
the circle drawn to the point of tangency.

Activity 24 • Tangents and Chords

335

Lesson 24-1
Circle Basics

ACTIVITY 24
continued
My Notes

MATH TERMS
The diameter is a segment, or the
length of a segment, that contains
the center of a circle and two end
points on the circle.

Chuck Goodnight dug up part of a wooden wagon wheel. An authentic
western wagon has two different-sized wheels. The front wheels are 42 inches
in diameter while the rear wheels are 52 inches in diameter. Chuck wants to
use the part of the wheel that he found to calculate the diameter of the entire
wheel, so that he can determine if he has found part of a front or rear wheel.
A scale drawing of Chuck’s wagon wheel part is shown below.

4. Trace the outer edge of the portion of the wheel shown onto a piece
of paper.

A chord is a segment whose
endpoints are points on a circle.
An arc is part of a circle consisting
of two points on the circle and the
unbroken part of the circle between
the two points.

5. Draw two chords on your arc.

6. Use appropriate tools strategically. Using a ruler, draw a
perpendicular bisector to each of the two chords and extend the
bisectors until they intersect.

The perpendicular bisectors of two chords in a circle intersect at the center of
the circle.

DISCUSSION GROUP TIPS
In your discussion groups, read the
text carefully to clarify meaning.
Reread definitions of terms as
needed to help you comprehend
the meanings of words, or ask your
teacher to clarify vocabulary words.

7. Determine the diameter of the circle that will be formed. Explain how
you arrived at your answer.

8. The scale factor for the drawing is 1:12. Determine which type of wheel
can contain the part Chuck found. Justify your answer.
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MATH TERMS

Lesson 24-1
Circle Basics

ACTIVITY 24
continued
My Notes

Check Your Understanding
TECHNOLOGY TIP

9. On the figure below, draw a tangent line and a diameter to the point
of tangency.

You can use geometry software to
draw a circle. Use the circle tool to
draw the circle and the point on
object command to draw a point
on the circle.

10. Describe the relationship between the tangent line and the diameter of
the circle drawn to the point of tangency.
11. Critique the reasoning of others. Josie states that in some cases a
chord can also be a tangent. Wyatt states that a chord can never be
a tangent. Which statement is valid? Explain your reasoning.
12. A farmer is standing at Point X. Point X is 36 feet from the base of a
cylindrical storage silo and 42 feet from point Y. Find the radius of the
silo, to the nearest tenth, given that XY is tangent to circle O at Y.
r

MATH TIP
The base of a cylinder is a circle.

Y

O

42
36
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X
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Lesson 24-1
Circle Basics

ACTIVITY 24
continued
My Notes

LESSON 24-1 PRACTICE
13. Use appropriate tools strategically. Use graphing software, or a
compass and a straightedge, to draw a circle with the following parts.
Identify each part with a label.
a. center point
e. chord (that is not a diameter)
b. radius
f. tangent line
c. diameter
g. non-tangent line
d. arc

WRITING MATH
When writing a description of a
process, go step-by-step and use
proper mathematical terminology.

14. Describe how to create a tangent to a circle given a point on the circle.
Use the figure to answer Items 15 to 17.
Y
O

T
X

15. Construct viable arguments. Given that OT = 5, XT = 12, and
OX = 13, is XY tangent to circle O at T? Explain your reasoning.
16. Given that OT = 4, YT = 8, and OY = 10, is XY tangent to circle O
at T ? Explain how you determined your answer.
17. Given that XY is tangent to circle O at T, what is YT if OT = 18 and
OY = 24?
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18. The radius of a circular-shaped fountain is 10 feet.
a. Use geometry software, or a compass and a straightedge, to draw the
fountain using a scale of 1 cm = 6 in.
b. Draw two chords on your drawing. Use the perpendicular bisectors
of the chords to find the center of the fountain.
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Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued
My Notes

Learning Targets:

• Describe relationships among diameters and chords of a circle.
• Prove and apply theorems about chords of a circle.

SUGGESTED LEARNING STRATEGIES: Look for a Pattern, Use
Manipulatives, Quickwrite, Sharing and Responding

The diameter of a circle and a chord of a circle have a special type of
relationship.
1. In the circle below:
• Draw a diameter.
• Draw a chord that is perpendicular to the diameter.

a. Use a ruler to take measurements in this figure. What do you notice?

© 2015 College Board. All rights reserved.

b. Compare your answer with your neighbor’s answer. What conjecture
can you make based on your investigations of a diameter
perpendicular to a chord?

ACADEMIC VOCABULARY
A conjecture is an assertion that is
likely to be true but has not been
formally proven.

Activity 24 • Tangents and Chords
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Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued
My Notes

2. For the theorem below, the statements for the proof have been
scrambled. Rearrange them in logical order.
D
X
R

A

MATH TERMS
If two segments are the same
distance from a point, they are
equidistant from it.

Y

C
B

Theorem: In a circle, two congruent chords are equidistant from the
center of the circle.
Given: AB ≅ CD; RX ⊥ CD; RY ⊥ AB
Prove: RY ≅ RX
Draw radii RB and RD.
RY ≅ RX
AB ≅ CD; RX ⊥ CD; RY ⊥ AB
AB = CD
DXR and BYR are right triangles.
RB ≅ RD

BY ≅ DX
∠DXR and ∠BYR are right angles.
BY = DX
1
1
BY = AB; DX = CD
2
2
DXR ≅ BYR
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1
1
AB = CD
2
2

Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued

3. The reasons for the proof in Item 2 are scrambled below. Rearrange
them so they match the appropriate statement in your proof.

My Notes

Through any two points there is exactly one line.
Definition of right triangle
Definition of congruent segments
Definition of congruent segments
Multiplication Property
C.P.C.T.C.
HL Theorem
Given
Definition of perpendicular lines
All radii of a circle are congruent.
A diameter perpendicular to a chord bisects the chord.
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Substitution Property

Activity 24 • Tangents and Chords
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Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued
My Notes
E

4. Given EF ≅ AB, explain how you know that EF and AB are not
equidistant from the center, R.

F
R

A

B

5. Critique the reasoning of others. Michael said that if two chords
are the same length but are in different circles that are not necessarily
concentric circles, then they will not be the same distance from the
center of the circle. Is he correct? If he is, give a justification. If not, give
a counterexample.

Check Your Understanding
6. A chord of a circular clock is 12 in. long, and its midpoint is 8 in. from
the center of the circle.
a. What theorem(s) can you use to determine the length of the radius
of the circle?
b. Calculate the radius of the circle.
7. A chord of a circle is 15 in. long, and its midpoint is 9 in. from the
center of the circle. Calculate the length of the diameter of the circle.

8. Using a protractor and a ruler, draw a circle with chord AB and chord
CD so that the chords intersect. Label the intersection point X.
a. Measure the following lengths.
• AX
• XB
• CX
• XD

⋅

⋅

b. Find the product of AX XB and the product of CX XD. What do
you notice?

c. Compare your answer with your neighbor’s answer. What conjecture
can you make based on your investigations of the intersecting chords
of a circle?
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Intersecting chords in a circle also have a special relationship.

Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued

9. Complete the statements for the following proof.

My Notes

Given: Chords AB and CD

⋅

⋅

Prove: AX XB = CX XD
A

D
X

B

C
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Statements

Reasons

1.

1.

2. Draw AD and CB.

2. Through any two points
there is exactly one line.

3. ∠XAD ≅ ∠XCB and
∠XDA ≅ ∠XBC

3. Two inscribed angles
intercepting the same arc are
congruent.

4. ∆ADX and ∆CBX

4.

5. AX = XD
CX
XB

5.

6.

6. The product of the means
equals the product of the
extremes in a proportion.

Check Your Understanding
10. In the circle shown, what is the measure of x? Show your work.

x
49

4
x

Activity 24 • Tangents and Chords
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Lesson 24-2
Theorems About Chords

ACTIVITY 24
continued
My Notes
CONNECT TO STEM
Chemical engineers consider
piping specifications, such as
inside and outside diameters,
when designing a process flow
diagram.

LESSON 24-2 PRACTICE
11. Reason abstractly. How can you use geometry terminology to
explain why the inside diameter of a pipe is not the same measure as the
outside diameter?
12. The diameter of a circle with center P bisects AB at point X. Points A
and B lie on the circle. Classify the triangle formed by points A, X, and P.
13. Seth states that all diameters of a circle are chords. Sara states that all
chords of a circle are diameters. Which statement, if any, is true? Justify
your reasoning.
14. The distance between a 16 feet long chord and the center of a circle
is 15 feet.
a. Use technology to draw a diagram.
b. Compute the diameter of the circle.
15. The radius of a circular-shaped metal gasket is 13 cm. A machinist
wants to make a straight 10 cm cut across the gasket.
a. Use geometry software, or a compass and a straightedge, to draw the
gasket. Draw a chord to indicate the cut the machinist wants to make.
b. Determine the distance between the center of the sheet of metal and
the cut edge.

20

16 x
y
16
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16. Use appropriate tools strategically. Use geometry technology, or
a compass and a straightedge, to construct a circle with chords SV and
QR intersecting at point C. Use your construction to prove or disprove
SC CR
the conjecture that
=
.
QC CV
17. In the diagram shown, explain a method for determining the values of x
and y. Then, find x and y, to the nearest tenth.

Lesson 24-3
Tangent Segments

ACTIVITY 24
continued

Learning Targets:

that tangent segments to a circle from a point outside the circle are
• Prove
congruent.
• Use tangent segments to solve problems.

My Notes

SUGGESTED LEARNING STRATEGIES: Think-Pair-Share, Create
Representations, Self Revision/Peer Revision

Theorem: The tangent segments to a circle from a point outside the circle
are congruent.
1. Use the theorem above to write the prove statement for the diagram
below. Then, prove the theorem. Share your ideas with your group.
Given: BD and DC are tangent to circle A.
Prove:

MATH TERMS
A tangent segment to a circle is
part of a tangent line with one
endpoint outside the circle and the
second endpoint at a point of
tangency to the circle.

B

A

D
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C
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Lesson 24-3
Tangent Segments

ACTIVITY 24
continued
My Notes

2. Reason abstractly. In the diagram, RT = 12 cm, RH = 5 cm, and
MT = 21 cm.
a. Determine the length of RM. Explain how you arrived at your
answer.
T
A

H
O

R
D

M

b. If OH = 4 cm, determine the length of OT. Explain how you arrived
at your answer.

Check Your Understanding
3. Refer to the proof in Item 1.
a. What auxiliary lines, if any, did you draw?
b. What do you know about those lines?

LESSON 24-3 PRACTICE
5. In the diagram, NM and QN are tangent to
circle P, the radius of circle P is 5 cm,
and MN = 12 cm.
a. What is QN?
b. What is PN?

M

P

N
Q

6. Make sense of problems. In the diagram
below, AH, AD, and DH are each tangent to circle Q. AT = 9, AH = 13,
and AD = 15. What is HD?
H

T

Q

A
M

D
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4. In the diagram in Item 2, if RM = 40 cm and AM = 32 cm, name the
other measures you can find. Then find the measures.

Tangents and Chords
Off on a Tangent

ACTIVITY 24
continued

ACTIVITY 24 PRACTICE

Write your answers on notebook paper.
Show your work.

The top half of a box fan is shown in the diagram.
Use the diagram for Items 5−6.

Lesson 24-1
For Items 1−3, use the diagram.
S

X
Y

O
V

T
R

1. Identify the line tangent to the circle.

5. How many chords can you draw to represent
the distance between the ends of the blades of
the fan?
6. In the diagram, CA is tangent to circle P. The
radius of circle P is 8 cm and BC = 9 cm. What
is AC?

2. Identify a chord.

A

3. Which segment is perpendicular to the tangent
line? What is the proper name for this segment?

C
B

P

4. Marta claims that it is possible to draw one line
tangent to a circle at two points on the circle. Is
Marta’s claim reasonable? Explain.

B. 12 cm
D. 17 cm
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A. 7 cm
C. 15 cm

Activity 24 • Tangents and Chords
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Tangents and Chords
Off on a Tangent

ACTIVITY 24
continued

Lesson 24-2
7. Suppose a chord of a circle is 5 cm from the
center and is 24 cm long.
a. Draw the diagram using a compass and
straightedge.
b. What is the length of the diameter of the
circle?
c. What is the measure of the radius if the circle
is dilated by a scale factor of 125%?
8. What part of a circle is considered to be the
longest chord?
9. The distance between a chord and the center of a
circle is 4 cm. What is the radius of the circle if
the chord measures 16 cm?

12. Explain what theorem you can use to determine
the perimeter of triangle MRT. Then, compute
the perimeter.
T
5m
A

H
4m

O

R
D

M

Lesson 24-3
10. Given that the radius of the circle shown is 4,
what is the value of x?

8m

MATHEMATICAL PRACTICES

Construct Viable Arguments and Critique the
Reasoning of Others

4

2

13. Explain how to prove the following conjecture: If
a diameter is perpendicular to a chord, then the
diameter bisects the chord.

A. x = 2
B. x = 2 3
C. x = 8 3
D. x = 8
11. Two tangents are drawn from point A, which is
37 cm from the center of the circle. The diameter
of the circle is 24 cm. What is the length of each
tangent from point A to the point of tangency?
A. 13 cm
B. 32 cm
C. 35 cm
D. 44 cm
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x

Arcs and Angles

ACTIVITY 25

Coming Full Circle
Lesson 25-1 Arcs and Central Angles
Learning Targets:

• Understand how to measure an arc of a circle.
• Use relationships among arcs and central angles to solve problems.

My Notes

SUGGESTED LEARNING STRATEGIES: Visualization, Use
Manipulatives, Create Representations, Interactive Word Wall

Chris plays soccer for his high school team. His coach wants Chris to
improve his accuracy on his goal shots. At practice, the coach stands centered
between the goalposts; he has Chris try to kick a goal from different positions
on the field. He has noticed that Chris’s shots go anywhere from right on
target to 15° on either side of his target. With this information, the coach
thinks that he and Chris can find locations on the soccer field from which
Chris can be sure of kicking between the goalposts.
Your teacher will provide you with a diagram of part of the soccer field, the
24-foot-wide goal, and the point X at which the coach plans to stand. Points
A and B represent the goalposts, which are 24 feet apart. Chris will aim his
kicks directly at the coach from various points on the playing field to try to
find the locations where, even with his margin of error, his shots will land
between the goalposts.
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Your teacher will also provide you with a diagram of a 30° angle that has a
bisecting ray. The vertex S represents the point from which Chris makes his
kick, the bisecting ray represents the path to the target at which Chris is
aiming, and the sides of the 30° angle form the outer boundaries of Chris’s
possible kicks, given that his margin of error is up to 15° on either side of the
target. You will use this angle diagram as a tool in estimating the outer
boundaries of Chris’s kicks when he aims at point X from various locations
on the soccer field.

MATH TERMS
A bisecting ray is a ray whose end
point is the vertex of the angle and
which divides the angle into two
congruent angles.

1. The three points labeled Points 1, 2, and 3 on the soccer field diagram
represent the different positions on the field from which Chris will
attempt his shot at the goal. Place the vertex of your angle at Point 1 and
make certain that Point X lies on the angle bisector. Will Chris’s shot be
guaranteed to end up between the goalposts from this position on the
field? Explain.

Activity 25 • Arcs and Angles
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Lesson 25-1
Arcs and Central Angles

ACTIVITY 25
continued
My Notes

2. One at a time, place the vertex of the angle on Point 2 and then on
Point 3. Each time, make certain that Point X lies on the angle bisector.
Determine whether Chris’s shots are guaranteed to end up between the
goalposts from these positions on the field. Which, if either, position is
a sure shot at the goal for Chris?

3. With continued experimentation, you should find that there is a region
of the playing field from which Chris is certain to have a shot into the
goal zone, despite his margin of error. Use the soccer field diagram and
the angle diagram to test points on the field until you can make an
informed conjecture as to the shape of this region. Write a description
of the region. On the soccer field diagram, clearly identify at least eight
points on the outer boundary of this region.

MATH TERMS

An arc intercepted by a central
angle is the minor arc that lies in
the interior of the angle.

MATH TIP
The notation for a minor arc
requires
the endpoints of the arc,
)
AB. The notation for a major arc
requires a point on the arc included
between
the endpoints of the arc,
)
AQB. Semicircles are named as
major arcs.

4. In the diagram of circle O, what is the proper math term that describes
OA and OB?
Q
A

O
B

Points A and B divide the circle O into two arcs. The smaller arc is known as
 . The angle
 , and the larger arc is known as major arc AQB
the minor arc AB
formed by the two radii, ∠AOB, is called a central angle of this circle.
Notice that the major arc associated with points A and B lies outside ∠AOB,
 is said to be intercepted
while the minor arc lies in the interior of ∠AOB. AB
by ∠AOB. By definition, the measure of a minor arc is equal to the measure
of the central angle that intercepts the minor arc.

• The measure of a minor arc must
be between 0° and 180°.
• The measure of a major arc must
be at least 180° and less than 360°.
• The measure of a semicircle
is 180°.
The
) notation
) for “the measure of
AB” is m AB.
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A central angle is an angle whose
vertex is at the center of a circle
and whose sides contain radii of
the circle.

Lesson 25-1
Arcs and Central Angles

ACTIVITY 25
continued

5. Given circle C, with diameters JR and KQ and
m∠RCQ = 50°, use the definitions for central angle
and intercepted arc along with triangle properties to
find each of the following.
=
a. mRQ
°
=
b. mJQ

My Notes

Q
C

J

R

K

°

c. m∠CRQ =
=
d. mJQR

°
°

=
e. mJKQ
≅
f. JK

°

6. Attend to precision. Write a definition for congruent arcs.
7. Given circle C with diameters JR, KQ, and PL, and PL ⊥ JR and KQ
bisects ∠PCR, answer the following questions.
P
C

J
K

2

Q
1

R

L
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 ≅ QR
.
a. Explain why PQ

b. m∠1 + m∠2 =

°

 =m
 + mPQ
c. mJP

=
d. mJQ

°

e. m∠JRQ =
=
f. mJL
g. m∠JRL =

°. Provide justification of your reasoning.

°
°
°. Provide justification for your answer.
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Lesson 25-1
Arcs and Central Angles

ACTIVITY 25
continued
My Notes

Check Your Understanding
8. What do a vertex of a central angle and the center of a circle have in
common?
9. What is another name for the sides of a central angle?
10. Why is the major arc of a circle designated by three points on the
circle?
11. Write the range of possible measures of a major arc as an inequality.
Explain why a major arc cannot be equal to 360°.

LESSON 25-1 PRACTICE
12. Using a compass or geometry software, construct a circle with a central
angle of 50°. Label the major arc and minor arc. What is the measure of
the minor arc? Major arc?
13. If you know the measure of the central angle, how can you find the
measure of the major arc?
14. Use the circle shown below to determine the following.
96°

a.
b.
c.
d.

What is the measure of the central angle?
Write and solve an equation for x.
What is the measure of the angle that bisects the minor arc?
Write an expression that can be used to determine the measure of the
major arc.

15. Critique the reasoning of others. To find the measure of x in
circle C shown below, Emma set up the following equation:
(12x + 6) + (3x − 6) = 360. Is Emma on her way to a correct answer?
If so, solve for x. If not, explain your reasoning.
12x + 6

3x – 6

C
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8x

Lesson 25-2
Inscribed Angles

ACTIVITY 25
continued

Learning Targets:

the relationship among inscribed angles, central angles,
• Describe
and arcs.
• Use inscribed angles to solve problems.

My Notes

SUGGESTED LEARNING STRATEGIES: Think-Pair-Share, Look for
a Pattern, Quickwrite, Vocabulary Organizer, Create Representations

The soccer coach needs to create a logo for the new team jerseys. He starts
with a circle, since it best mimics a soccer ball. Chris suggests that the coach
experiment with central and inscribed angles in order to color block the design.

O

A

B

1. Use a protractor to find the measure of central angle ∠AOB.
=
m∠AOB =
and mAB

2. Choose any point on the major arc and label the point P.
Draw PA and PB. PA and PB form an inscribed angle.
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a. Name the arc intercepted by ∠APB.
b. Attend to precision. List the characteristics of an inscribed angle.

MATH TERMS
An inscribed angle is an angle
formed by two chords with a
common endpoint.

3. Use a protractor to find the measure of inscribed angle ∠APB.
m∠APB =

4. Draw a different point R on the circle. Then draw a new inscribed angle
 . Find the measure of the new
that has a vertex R and that intercepts AB
inscribed angle. m∠ARB =

5. Make a conjecture about the measure of any inscribed angle of this circle
 . Test your conjecture by creating and measuring three
that intercepts AB
.
more inscribed angles that intercept AB

Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

6. Refer to your answers in Items 5 and 7 of Lesson 25-1 and Items 1 and 3
of this lesson to complete the following table.
Measure of the
Intercepted Arc
)
mJQ =
Item 5
)
Item 7
mJQ =
)
Item 7
mJL =
)
Items 1 & 3 mAB =

Measure of the
Central Angle

Measure of the
Inscribed Angle

m∠JCQ =

m∠JRQ =

m∠JCQ =

m∠JRQ =

m∠JCL =

m∠JRL =

m∠AOB =

m∠APB =

7. Express regularity in repeated reasoning. Based upon any
patterns that you see in the table above, write a conjecture about the
relationship between the measure of an inscribed angle and the measure
of the central angle that intercepts the same arc.

8. Given circle C with diameter AR and m∠HCA = 50°, find each of the
following.
H

C

A

I

a. m∠HIA =

°

b. m∠HCR =

°

c. m∠HIR =

°

d. m∠AIR =

°

e. Write a conjecture about inscribed angles on the diameter of a circle.
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R

Lesson 25-2
Inscribed Angles

ACTIVITY 25
continued

Now, Chris suggests to the coach to inscribe a quadrilateral inside of the
circle to create a more appealing logo. Chris and the coach soon realize that a
quadrilateral inscribed inside of a circle also has some interesting
relationships.

My Notes

9. Draw circle O. Draw quadrilateral ABCD inscribed in circle O.
a. Use your drawing to complete the proof that m∠ABC +
m∠ADC = 180°.
Statements
Quadrilateral ABCD is inscribed
in circle O.

Reasons
Given

 = 360 − mADC

mABC
1 
m∠ABC = mADC
2
1 
m∠ADC = mABC
2
Substitution
1 
m∠ADC = 180 − mADC
2
m∠ABC + m∠ADC =

Substitution

b. Predict the sum of m∠BAD + m∠BCD.

© 2015 College Board. All rights reserved.

c. Write the theorem suggested by this proof.

All of this exploration into inscribed quadrilaterals and angles has led the
soccer coach to revisit his findings about the points from where Chris is
certain to make a goal.

Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

In
suurthe circle below, the inscribed angle is ∠APB and m∠APB = 30°.
PX bisects ∠APB.
X

A

B

P

10. Place the 30°-angle diagram that you used at the beginning of the
activity so that the vertex, S, is at point P and the angle bisectors
coincide. Slide S so that it is closer to X than P, keeping the angle
bisectors on top of each other. Then slide S away from X, so that S is
outside the circle and so that the angle bisectors are still aligned. Think
about locations of S from which Chris will be certain to make a shot
into the goal szone.
uur Using the circle as a point of reference, from which
points along PX will Chris be certain of making a shot into the goal zone?
11. On the circle below, select a new point W on the major arc determined
by points A and B, and carefully draw ∠AWB.

12. m∠AWB =

X

B

°. Explain.

13. Use appropriate tools strategically. By careful use of a protractor
or by construction, draw the angle bisector of ∠AWB. Does your new
angle bisector also go through point X? Use the properties that you have
learned in this activity to support your conclusion.
14. Place vertex S of your 30° angle on the circle above so the angle bisectors
coincide. Slide S from a starting position at W closer and farther from
point X. Using the circle as a point of reference, from which points
along this angle bisector will Chris be certain of making a shot into the
goal zone?
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A

Lesson 25-2
Inscribed Angles

ACTIVITY 25
continued

15. Restate or revise your conjecture, in Item 3 of the previous lesson, about
the region in which Chris wants to be when kicking a goal.

My Notes

Check Your Understanding
16. If an inscribed angle in a circle intercepts a semicircle, what is true
about the measure of the angle?
17. Refer to circle O where ABCD is inscribed in circle O, AC is the
diameter, and m∠DAB = 122°.
B

A

O
D

C

a. Find m∠BCD.
b. What are the measures of ∠ADC and ∠ABC? Explain your reasoning.
c. Janet states that AC is a line of symmetry. Name a property about
kites that can help Janet support her statement.

© 2015 College Board. All rights reserved.

18. How can you use what you learned in this lesson to prove that the sum
of the measures of a quadrilateral inscribed in a circle is 360°?

LESSON 25-2 PRACTICE
19. Draw an angle inscribed in a circle such that its intercepted arc is a
semicircle. Label the measure of the inscribed angle.
Use the diagram (not drawn to scale) to answer Items 20–22.
C

D
140°

A

O

B

20. Which angle(s), if any, are right angles?
21. What is the sum of m∠DAB and m∠DCB? Explain.
22. Identify the angle with a measure of 40°.
23. Make use of structure. Name the quadrilateral that when inscribed
in a circle has angle pairs in which one angle measures twice the measure
of the other.
Activity 25 • Arcs and Angles
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Angles Formed by Chords

ACTIVITY 25
continued
My Notes

Learning Targets:

a relationship among the angles formed by intersecting chords
• Describe
in a circle.
• Use angles formed by chords to solve problems.
SUGGESTED LEARNING STRATEGIES: Visualization, Group
Presentation, Think-Pair-Share, Quickwrite, Self Revision/Peer Revision

CONNECT TO TECHNOLOGY
To help visualize this part of the
activity, use geometry software to
draw a diagram with two concentric
circles: one that represents the
outer edge of the pool, and one
that represents the points that are
halfway between the center and
the edge of the pool.

Chris has been asked to consult on the design of a new soccer hall of fame in
which names of former players from his high school are written on tiles
around the edge of a circular reflecting pool. The pool has tiles along the
inside edges that were designed by art students. For the tiles to have the
desired visual effect, they need to be illuminated by spotlights. Students have
been submitting their suggestions for the placement of the light fixtures.
The light fixtures that are to be used for this project illuminate objects that
are within 30° of the center of the bulb. The diagram below represents an
overhead view of a single light fixture.

60°

2. If the same light fixtures in Item 1 are placed halfway between the
center and the pool edge and aiming outward, about how much of the
pool wall do you think would be illuminated? Estimate the number of
additional light fixtures that would be needed to illuminate the entire
pool.

3. If the light fixtures were placed on the pool edge and aimed toward the
center, how many light fixtures would be needed to illuminate the entire
pool? Explain.
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1. Model with mathematics. If the light fixtures are placed at the
center of the circular pool and aimed outward toward the edge of the
pool, how many would be needed to illuminate the entire pool? Explain.

Lesson 25-3
Angles Formed by Chords

ACTIVITY 25
continued

Chris is considering a design that involves attaching two light fixtures
back-to-back and placing the pairs in various locations in the pool.

My Notes

4. The figure below represents an overhead view of the pool and one of the
light fixture pairs located at the center of the pool, C. Find the degree
 and PQ
.
measure of each of the illuminated portions of the pool, AB
A

P
60°

C

60°

B

Q

5. As Chris moves the pair of spotlights (point L in the figure below) left
or right of the center, he notices that the sizes of the illuminated
portions of the pool change. As one of the arcs increases in measure, the
other arc decreases in measure. Chris needs to know if there is a
relationship between the measure of the vertical angles, x, and the
measure of the two intercepted arcs, a and b.

P
A
a

x

B

L

x

b

Q
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a. Draw AP.

b. Each of the angles, x, is an exterior angle to ALP. Therefore,
x = m∠
+ m∠
.

c. Use the Inscribed Angle Measure Theorem to find the measure of
∠APB and ∠PAQ in terms of a and b.

d. Use your responses in parts b and c to find an expression for x in
terms of a and b.

Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

6. Complete the following theorem:
of a circle, then the

When two chords intersect in the
measure of each angle formed is

the sum of the

measures of the arcs intercepted by the angle and its

.

The theorem in Item 6 is also true for an intersecting chord and a secant, and
for two intersecting secants.
7. Refer to Item 5. Use the formula you discovered in Item 5d to write a
formula for a.

8. Chris decided that he liked the effect when the back-to-back light
fixture pairs were placed off-center because some of the tiles would be
lit up more brightly than others. In the figure below, point A represents

 and YZ
the location of a pair of the spotlights, and the arcs WX
represent the parts of the pool edge illuminated by the spotlights.
W
Z
A

Y

X

=
 + mYZ
b. mWX

.

.

 = 100°, then which arc in the figure represents the part of
c. If mWX
the pool edge where the tiles are most brightly lit? Explain.
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=
 = 100°, then mYZ
a. Recall that m∠WAX = 60°. If mWX

Lesson 25-3
Angles Formed by Chords

ACTIVITY 25
continued

9. In his design for the reflecting pool, Chris placed three of the back-toback light fixture pairs as depicted in the figure below. Points A, B, and
C represent the location of each pair. Each pair of lights is equidistant
 ≅ IG
 ≅ DN

from the center of the circle. ES

My Notes

E
D

S

C

A

I

B
N

G

a. Will the entire pool edge be illuminated in this design? Explain.

b. Shade in the region of the pool that will be illuminated by more than
one spotlight.

 is one-fourth of the circumference of the pool, then what is mDE
?
c. If ES
Show the work that supports your response.

© 2015 College Board. All rights reserved.

d. What fraction of the pool edge will be in brighter light than the rest
of the pool edge?

Check Your Understanding
10. Use the figure below and the relationship that you discovered in
Item 5d to find each of the following.

R
G
a

1

N

T

b

2

I

a. If a = 40° and b = 80°, then
° and m∠2 =
m∠1 =
b. If a = 40° and m∠1 = 65°, then b =
°.

°.
 + mNI
=
° and mGR
Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

 = 100°, mNI
 = 160°, and mRI
 = 80°, then m∠1 =
c. If mGR

°.

d. If a = 4x − 4, b = 100°, and m∠1 = 5x + 3, write an equation and
solve for x.

LESSON 25-3 PRACTICE
Use the diagram for Items 11 and 12.
x

x

70°

110°

11. What is the value of x?
12. Make use of structure. How can you describe the two chords
inscribed in this circle?
13. Write an expression to determine the value of x.

50°

x°

.
14. Find mAC
B
w
x

M
A

D

O
C

15. Solve for t.
3t + 2
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20°

Lesson 25-4
Angles Formed by Tangents and Secants

ACTIVITY 25
continued

Learning Targets:

relationships among the angles formed by tangents to a circle or
• Describe
secants to a circle.
• Use angles formed by tangents or secants to solve problems.

My Notes

SUGGESTED LEARNING STRATEGIES: Shared Reading, Questioning
the Text, Summarizing, Paraphrasing, Quickwrite, Think-Pair-Share

Chris realized that he could illuminate the pool with fewer spotlights by
placing the spotlights outside the pool and pointing them toward the center.
P
M
A

N
Q

1. If point A represents the light source, which part of the pool edge will be
illuminated and which part will not be illuminated?
2. Chris places the spotlight as close to the pool as possible, while at the
same time illuminating the largest possible part of the pool’s edge. In the
figure below, point A represents the light source and point C represents
the center of the pool.

© 2015 College Board. All rights reserved.

a. CP and CQ are called
uuur
uuur
b. AP and AQ are called

.
.

c. m∠APC = m∠AQC =

°.

d. Recall that m∠A = 60°. Find m∠C. (Hint: consider the angles in
quadrilateral APCQ.)
e. What fraction of the pool edge will be illuminated by the spotlight
and what fraction will not be illuminated?

P

A

C
Q

Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

3. Reason abstractly. In the diagram below, point C represents the
uuur
uuur
center of the circle. AP and AQ are tangent to the circle. If m∠A = x°,
 in terms of x.
then find an expression for mPQ

P

A

C
Q

4. In the figure below, x is the degree measure of an angle whose sides are
tangent to the circle and a and b represent arc measures (in degrees).
Use the relationship that you discovered in Item 2 to find each of the
following.

b

a

a. Find a and b if x = 45.
b. Find x if b = 100.
c. Find x if a = 270.
d. Solve for y if x = 4y and b = 20y − 12.

5. In his design, Chris decided to use three spotlights (as in Item 2) evenly
spaced around the reflection pool. Draw a sketch of the overhead view
of Chris’s design. What fraction of the pool’s edge is not illuminated by
the spotlight? What fraction of the pool’s edge is illuminated by two or
more of the spotlights?
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x

Lesson 25-4
Angles Formed by Tangents and Secants

ACTIVITY 25
continued

Even though he did not use them in his design, Chris investigated two
additional situations in which the spotlight is located outside the circle.
c

My Notes

T

P
A

a

b

Q
R

d

uuur
uuur
6. a. In the figure above, AT and AR intersect the circle in two points.
What name can be given to these two segments?
b. The points P, T, R, and Q divide the circle into four arcs. Which of
the arcs lie in the interior of ∠A and which lie in the exterior?

c. Which of the arcs are intercepted by ∠A?
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d. If the variables a, b, c, and d represent the measures of each of the
four arcs, then a + b + c + d =
°.

7. Inscribed angles are formed when RT is drawn.
In terms of a, b, c, and d,
m∠3 =

and m∠4 =

.
c

T
4

P
A

CONNECT TO AP
a

b
3

Q
d

R

In calculus, you will study how the
tangent and secant lines relate to
the concept of a derivative.

Activity 25 • Arcs and Angles
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ACTIVITY 25
continued
My Notes

c

T
4

P
A

a

b
3

Q
d

R

8. a. Let x represent the measure of ∠A.
x + m∠3 + m∠4 =

°

b. Substitute the expressions that you found for m∠3 and m∠4
(in Item 7) into the equation that you wrote in Item 8a. Simplify
your new equation.

d. Use your responses in Items 8b and 8c to find an expression for x in
terms of a and b.

e. Complete the following theorem:
Theorem The measure of an angle formed by two secants drawn to a
circle from a point outside the circle is equal to
.
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c. Refer to the equation in Item 6d. Solve this equation for c + d.

Lesson 25-4
Angles Formed by Tangents and Secants

ACTIVITY 25
continued
My Notes

Example A

uur
uuur
 = 140°, and uAP
In circle C below where m∠PAQ = 40°, mPQ
and AQ are
?
tangents, what is mPRQ

P

A

R

40°

C
Q

 − mPQ )
m∠PAQ = 1 (mPRQ
2
 − 140°)
40° = 12 (mPRQ
 − 140°
80° = mPRQ

220° = mPRQ

Try These A
Find each of the following.
x
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b
c

d

a

a. Find x if a = 125° and b = 35°.
b. Find a if x = 35° and b = 40°.
c. Find x if a = 160°, c = 80°, and d = 70°.
d. Write an equation and solve for t if a = 10t, b = 3t − 10, and x = 4t − 1.
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ACTIVITY 25
continued
My Notes

Check Your Understanding
9. Construct viable arguments. Given the diagram, write a clear and
convincing argument that m∠A = 1 (a − b ) = 180 − b.
2

A

b

a

10. Using geometry software, draw circle P with points X and Y on
circle P. Draw tangent segments XW and YW. Adjust m∠XPY from
10° to almost 180° and write a description about the effect this has
on m∠XWY.

LESSON 25-4 PRACTICE

1

2

12. Reason quantitatively. A farmer woke up one morning to find crop
 = 96°,
circles in his wheat field as shown below. If m∠P = 16° and mCO
determine each of the following.
O
W

M

P

I
E

N

A
C



a. mWE
b. mWIE

d. m∠MOA
e. mAM
 ≅ OM
 , then determine m∠AOC.
g. If AC
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c. m∠OAC
f. m∠CNO
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11. Determine m∠2 if m∠1 = 34°.

Arcs and Angles
Coming Full Circle

ACTIVITY 25
continued

ACTIVITY 25 PRACTICE

Write your answers on notebook paper.
Show your work.

4. What is the value of x?

Lesson 25-1

10x – 5

1. Given a circle with center C and m∠SCR = 42°,
determine each of the following.
S
C

Q

16x + 22

A. 4.5
C. 25.5

B. 8
D. 75

5. Use the circle below to complete the following.

R

B

V


a. mSR

c. mSQR
e. m∠QSV

b. m∠SCQ

d. mQV
f. m∠QVR

2. Use the fact that m∠LCR = 90° in circle C below
to answer the following items.
P

C
Q

≅
a. If AB ≅ BC , then AB
.
b. Write a convincing argument that supports
your response to part a. Hint: Draw AC or the
three radii that contain points A, B, and C.

A.

L
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C

6. If a polygon is inscribed in a circle, then each of
its vertices lies on the circle. Which of the
following correctly depict an inscribed polygon?

R

K

A

a. If CQ is an angle bisector of ∠LCR, what is
m∠LCQ?
b. Identify two major arcs.
c. Name two congruent minor arcs.
d. Name three adjacent arcs that form a semicircle.

B.

Lesson 25-2
3. In circle O shown, let BE ⊥ IS and m∠TOE = 36°.
Find each of the following.
S

C.

T
B

E

O

D.
I

a.
c.
e.
g.


mTE
m∠SIT
m∠BIS

mIT

b.
d.
f.
h.


mST

mSB
m∠IOT
m∠TBI
Activity 25 • Arcs and Angles
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Arcs and Angles
Coming Full Circle

ACTIVITY 25
continued

7. Find the length of one side of a square inscribed
in a circle that has a radius of 4 cm.
A. 4 cm
B. 4 2 cm
C. 8 cm
D. 8 2 cm

Lesson 25-3
8. Use the diagram to answer each of the following.

MATHEMATICAL PRACTICES

Reason Abstractly and Quantitatively
uuur
uuur
14. AB and AD are tangent to the circle with center
C as shown below. Imagine point A moving out
to the left to increase AC. As it moves, ∠A and
points of tangency B and D will change.

b

a

B
C

A

c

1
2

D

d

a. If a = 120°, c = 84°, and d = 108°, then how
much greater is m∠1 than m∠2? Explain.
b. If a = 110° and m∠1 = 88°, then
and b + d =
.
c=
9. Use always, sometimes, or never to make each of
the following statements true.
a. A parallelogram inscribed in a circle is a
rectangle.
b. An inscribed angle that intercepts an arc
whose measure is greater than 180° is acute.
c. If two angles intercept the same arc, they are
congruent.

a. As AC increases, what is happening to m∠A?
b. As AC increases, what is happening to BD?
c. How small does ∠A have to be for BD to be a
diameter? Explain your answer.

Use the diagram for Items 10–13.

Q
N
R
M

1

P

.
10. If m∠MPQ = 48°, find mQM
 = 200°, then what is m∠MPQ?
11. If mMNQ
 = 125° and mQR
 = 83°, find m∠1.
12. If mQN
 = 260° and m∠1 = 45°, then what
13. If mNQR
?
is mQN
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Lesson 25-4

Circles

Embedded Assessment 1

VERTIGO ROUND

Use after Activity 25

The renowned architect and graduate of the MIU School of Design, Drew
Atower, designed a hotel, all of whose floors spin on a circular track. As it
spins, each floor pauses every 45°. (Otherwise, getting on and off the elevator
would be tricky.) The figure below shows an overhead view of one of the
square floors and its circular track. Points A, B, C, and D are located at each
 . Z, O, and X are collinear.
of the four corners of the building. AO bisects ZW
A, O, and C are collinear.
1. The circular track is tangent to each side of Quadrilateral ABCD, and all
of the angles in Quadrilateral ABCD are right angles. Points W, X, Y,
and Z are the points of tangency. Find each of the following.
W

A
Z

O

X

Y

D


a. mZW

b. mWXZ

B

C

2. Draw AX and label the point of intersection with the circle as point M.
 = 53°, find m∠AXB.
If mZM
3. Draw AC and radius OX. Find each of the following.
a. m∠AOX
b. m∠OXA
c. ∠CAX intercepts two arcs. Find their measures.
When the building rotates 45°, the corner that was located at point A is now
located at point E. Points P, Q, R, and S are the points of tangency.
© 2015 College Board. All rights reserved.

4. Draw PS and RZ. Find the measure of the angles formed by PS and RZ.
E
A

B
Q

P
Z

H

F
S

R

D

C
G

5. A circular stained glass and wrought iron window is to be installed
above the front entrance. One of the stained glass window designs being
considered has a radius of 90 cm and several wrought iron chords each
60 cm long. How far are the chords from the center of the circle? Draw a
diagram and show your work.

Unit 4 • Circles, Coordinates, and Constructions
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Circles

Embedded Assessment 1

VERTIGO ROUND

Use after Activity 25

In the main lobby of the hotel, there is a circular hospitality area that also
rotates. The radius of the hospitality area is 3 m. The distance from the front
door, at point A, to the far side of the hospitality area, at point C, is 20 m.
At a certain moment the dessert bar is located at point B and the tourist
information desk is located at point E.
A

D
E

B

C

6. Assuming AB and AE are tangent to the circle, find CD and AD.
Explain how you arrived at your answers.

Mathematics
Knowledge and
Thinking
(Items 1, 2, 3, 4, 5, 6)

Problem Solving
(Items 1, 2, 3, 4, 5, 6)

Mathematical
Modeling /
Representations
(Items 2, 4, 5)

Reasoning and
Communication
(Items 5, 6)
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Exemplary

Proficient

Emerging

Incomplete

The solution demonstrates these characteristics:

• Clear and accurate
• A functional understanding • Partial understanding of the • Little or no understanding
understanding of the
of the relationship between
relationship between the
of the relationship between
relationship between the
the measures of angles and
measures of angles and arcs the measures of angles and
measures of angles and arcs arcs of a circle
of a circle
arcs of a circle
of a circle
• Mostly correct use of
• Partially correct use of
• Incorrect or incomplete use
• Accurate use of theorems
theorems relating the
theorems relating the
of theorems relating the
relating the length of
length of segments in a
length of segments in a
length of segments in a
segments in a circle
circle
circle
circle
• An appropriate and efficient • A strategy that may include • A strategy that results in
strategy that results in
unnecessary steps but
some incorrect answers
correct answers
results in correct answers

• No clear strategy when
solving problems

• Clear and accurate
• Mostly accurate
• Partial understanding of
understanding of using
understanding of using
using given information to
given information to create
given information to create
create a diagram to
a diagram to determine
a diagram to determine
determine missing
missing measures in circles
missing measures in circles
measures in circles

• Little or no understanding
of using given information
to create a diagram to
determine missing
measures in circles

• Precise use of appropriate • Mostly correct use of
• Misleading or confusing use • Incomplete or inaccurate
mathematics and language
appropriate mathematics
of appropriate mathematics use of appropriate
to justify the lengths of
and language to justify the
and language to justify the
mathematics and language
segments in a circle
lengths of segments in a
lengths of segments in a
to justify the lengths of
circle
circle
segments in a circle
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Scoring
Guide

Coordinate Proofs

ACTIVITY 26

Prove It!
Lesson 26-1 Proving the Midpoint Formula
My Notes

Learning Targets:

• Write coordinate proofs.
• Prove the midpoint formula.

SUGGESTED LEARNING STRATEGIES: Create Representations, Look
for a Pattern, Create a Plan

A coordinate proof is a proof of a geometric theorem, corollary, conjecture,
or formula that uses variables as the coordinates of one or more points on the
coordinate plane. Coordinate proofs can be used to justify many of the
theorems and formulas you have learned so far. To form an argument using
coordinate geometry, you will need to rely heavily on your knowledge of
geometric and algebraic principles.
y

1. Draw AB on the coordinate plane, with
endpoints A(−4, 3) and B(2, 1).

4

2. Find and plot the midpoint M of AB.
State the formula you used to determine
the midpoint.

2
–4

2

–2

x

4

–2
–4

The steps in Item 3 will show you how to use a coordinate proof to justify
that the midpoint formula is valid. You will be able to show the following:

 x + x2 y1 + y2 
Given: P (x1 , y1 ) and Q(x2 , y2 ) and M  1
, P(x1, y1)
 2
2 
 x1 + x2 y1 + y2 
P (x1 , y1 ) and Q(x2 , y2 ) and M 
,
.
 2
x1 + x2 , y1 + y2
2 
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M

Prove: M is the midpoint of PQ.

2

2

y



Q(x2, y2)
x
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Lesson 26-1
Proving the Midpoint Formula

ACTIVITY 26
continued
My Notes

3. Construct viable arguments. To prove that M is the midpoint of
PQ, you need to show the following:
PM = MQ
1
1
PM = PQ and MQ = PQ
2
2
a. Use the distance formula to find PQ. Substitute the coordinates of
P and Q into the distance formula and write the resulting expression.

b. Use the distance formula to find PM.

• Substitute the coordinates of P and M into the distance formula
and write the resulting expression.

• Simplify the expression. First, use a common denominator to
combine terms within each set of parentheses.

• Then simplify so that there are no fractions under the square
© 2015 College Board. All rights reserved.

root sign.
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Proving the Midpoint Formula

ACTIVITY 26
continued

c. Use the distance formula to find MQ, and simplify the same way you
did in part b.

My Notes

d. Compare PM and MQ.

© 2015 College Board. All rights reserved.

Compare PM and PQ, and compare MQ and PQ.

e. Complete the statement.
Since PM =
, PM =
M is the midpoint of PQ.

and MQ =

. Therefore,

Activity 26 • Coordinate Proofs
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Lesson 26-1
Proving the Midpoint Formula

ACTIVITY 26
continued
My Notes

Check Your Understanding
4. Sasha said it is enough to show that PM = MQ to prove that point M is
the midpoint of PQ. Do you agree with Sasha? Why or why not? If not,
what does this allow you to conclude about point M?
5. The coordinates of three collinear points are M(a, b), N(c, d), and
 a + c b + d 
X 
,
.
 2
2 
a. To show that X is the midpoint of MN, what do you need to prove?
Explain your answer.
b. Use Item 3 as a guide to prove that X is the midpoint of MN.
c. Suppose you did not know that the points were collinear. Show the
additional work that you would use to prove that X is the midpoint
of MN.

LESSON 26-1 PRACTICE
6. Make use of structure. Suppose you swapped points ( x1 , y1 ) and
( x2 , y2 ) in the proof in Item 3. Would the midpoint still be in the same
location? Would it still have the same coordinates?

© 2015 College Board. All rights reserved.

7. The endpoints of a line segment are P(x, y) and Q(r, s). x + r y + s


a. Write the statements that you can use to prove that X 
,
 is

2
2 
the midpoint of PQ.
 x + r y + s 
b. Prove that X 
,
 is the midpoint of PQ.
 2
2 
8. Given that points P and Q lie on a vertical line, write a coordinate proof
to validate the midpoint formula.
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Proofs About Slope

ACTIVITY 26
continued

Learning Targets:

• Write coordinate proofs.
• Prove the slope criteria for parallel and perpendicular lines.

My Notes

SUGGESTED LEARNING STRATEGIES: Create Representations,
Predict and Confirm, Critique Reasoning

You can also use coordinate geometry to prove properties and theorems
about parallel and perpendicular lines.
Maria and Eric have been asked to prove the following theorem.
Two nonvertical lines are parallel if and only if they have the same slope.
Maria says she will prove one part of the theorem if Eric proves the other
part of the theorem.
1. Maria’s Coordinate Proof

MATH TERMS

Given: Line l and line n are parallel.
Prove: Line l and line n have the same slope.

An if and only if statement is known
as a biconditional statement. To
prove a biconditional statement,
you have to prove that both
directions of the statement are true.

y
l

n

© 2015 College Board. All rights reserved.

x

a. In the figure, line l || line n, as shown. Draw a vertical line p that
intersects line l at point A and another vertical line q that intersects
line n at point D.
b. Draw a horizontal line r that intersects line l at point C and line n at
point F.
c. Label the intersection of line p and line r as point B. Label the
intersection of line q and line r as point E.

Activity 26 • Coordinate Proofs
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Lesson 26-2
Proofs About Slope

ACTIVITY 26
continued
My Notes

d. Identify the segments that are parallel to the x-axis.

e. Identify the segments that are parallel to the y-axis.

f. What type of angle is formed by ∠ABC and by ∠DEF?

g. What do you know about ∠ABC and ∠DEF?

h. What can you say about ∠ACB and ∠DFE? Why?

j. What reasoning supports the fact that

MATH TIP
The slope of a line in a coordinate
plane is equal to the ratio of its rise
rise
to its run. slope =
run

AB DE
?
=
BC EF

k. Use the figure to complete the following:
By the definition of slope, the slope of line l is
and the slope of line n is
.

l. What does this prove about the slopes of parallel lines?
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i. What postulate or theorem tells you that ABC ~ DEF?

Lesson 26-2
Proofs About Slope

ACTIVITY 26
continued
My Notes

2. Eric’s Coordinate Proof
Given: Line l and line n have the same slope.
Prove: Line l and line n are parallel lines.
y
l

n

x

a. In the figure, line l and line n have the same slope. Draw a vertical
line p that intersects line l at point A and another vertical line q that
intersects line n at point D.
b. Draw a horizontal line r that intersects line l at point C and line n at
point F.
c. Label the intersection of line p and line r as point B. Label the
intersection of line q and line r as point E.

© 2015 College Board. All rights reserved.

d. Based on the figure, can you conclude that

AB DE
? Why?
=
BC EF

e. As the next step in Eric’s proof, he states that ABC ∼ DEF by SAS
Similarity Criterion. How can he justify making this claim?

f. What is true about the angles of two similar triangles?
g. Eric states that ∠BCA ≅ ∠EFD. Do you agree?
h. Can Eric now claim that line l is parallel to line n? Explain.

Check Your Understanding
AB
represents the slope of line l.
BC
4. What is true about the slope of all vertical lines used in coordinate
proofs?

3. Explain why

5. If Maria and Eric had drawn lines l and n as vertical lines, would
their proofs still work? Is the theorem still valid in this case?
Activity 26 • Coordinate Proofs
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Lesson 26-2
Proofs About Slope

ACTIVITY 26
continued
My Notes

Maria challenged Eric to another proof about slope. She asked him to help
her prove that two nonvertical lines are perpendicular if and only if the
product of their slopes is −1.
6. Make sense of problems. Is the theorem that Maria wants to prove
a biconditional? If so, what two statements need to be proven to prove
the theorem?

7. Maria draws these two diagrams to help her prove that perpendicular
lines have slopes whose product is −1.
l

l

S'(x2, y2)

S

a

b

n

S

b

a
P

R'

a

R
n

b

R

P(x1, y1)

Diagram A

Diagram B

b. Assuming that a and b are both positive, is the slope of n positive or
negative? Write an expression for the slope of line n.

c. Describe how you can use the coordinates of the vertices of PR′S′
in Diagram B to find the slope of line l. Is the slope of line l positive
or negative?

d. Compute the product of the slope of line l and the slope of line n.
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a. What information is given in Diagram A?

Lesson 26-2
Proofs About Slope

ACTIVITY 26
continued
My Notes

Check Your Understanding
8. Describe how Maria transformed PRS to obtain PR′S′.
9. Why didn’t Maria draw either line l or line n as a horizontal line?
10. How did you know that the slope of line l was negative?

LESSON 26-2 PRACTICE
11. Construct viable arguments. Use the diagram below to write a
coordinate proof of the second part of the theorem: Lines with slopes
whose product is −1 are perpendicular. (Hint: First show ∠1 ≅ ∠3.
Then show that ∠1 and ∠2 must form a right angle.)
l
w

a

T
s

b
1
n

P

2

a

3
b

R
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12. If two nonvertical lines are perpendicular, what can you assume about
the signs of the slopes of the lines?

Activity 26 • Coordinate Proofs
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Lesson 26-3
Proving Concurrency of Medians

ACTIVITY 26
continued
My Notes

Learning Targets:

• Write coordinate proofs.
• Prove that the medians of a triangle are concurrent.

SUGGESTED LEARNING STRATEGIES: Create Representations,
Construct an Argument, Identify a Subtask, Simplify the Problem

When writing a coordinate proof, it is helpful to think about what you know
about the concept at hand before delving into the proof. Getting an idea of
the big picture will help you organize a step-by-step method for proving the
conjecture or theorem.
A group of students has been asked to write a coordinate proof of the
following theorem:
The medians of a triangle are concurrent.
1. State what you already know about the medians of a triangle.

2. Write a definition of concurrent.

4. Make sense of problems. There are four items or steps that need to
be included in the proof of this theorem. Brainstorm to think of what
these items might be. Create a list of these four items in the most logical,
step-by-step order. Include any pertinent details in your outline.
Step 1:
Step 2:
Step 3:
Step 4:
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3. What does the proof need to show?

Lesson 26-3
Proving Concurrency of Medians

Write a coordinate proof of the theorem following the steps you outlined
in Item 4.

ACTIVITY 26
continued
My Notes

5. Step 1: Draw XYZ with vertices X(0, 0), Y(2b, 2c), and Z(2a, 0).

6. Step 2: Write the coordinates of the midpoint of each side of the
triangle.
a. Midpoint of XY

b. Midpoint of YZ

© 2015 College Board. All rights reserved.

c. Midpoint of XZ

d. Label the midpoints in your drawing.

Activity 26 • Coordinate Proofs
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Lesson 26-3
Proving Concurrency of Medians

ACTIVITY 26
continued
My Notes

7. Step 3: Write the equation of each median.
a. Equation of median #1 using points (b, c) and (2a, 0):
Write an expression for the slope.

Use the slope and point (2a, 0) to write the equation of median #1.

b. Equation of median #2 using points (a, 0) and (2b, 2c):
Find the slope.

Use the slope and a point (2a, 0) to write the equation of median #2.

Use the slope and a point (2a, 0) to write the equation of median #3.
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c. Equation of median #3 using points (a + b, 0) and (0, 0):
Find the slope.

Lesson 26-3
Proving Concurrency of Medians

8. Step 4: Find the point where two of the medians intersect.
a. Choose two of the equations and find their intersection point.

ACTIVITY 26
continued
My Notes

b. Set the two equations equal and solve for x.

© 2015 College Board. All rights reserved.

c. Solve for y.

Activity 26 • Coordinate Proofs
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Proving Concurrency of Medians

ACTIVITY 26
continued
My Notes

2ac
−c
c
x+
and y =
x
d. Identify the point where y =
2
2
−
+
a
−
b
a
b
a
b
intersect.

 2(a + b) 2c 
e. Verify that 
is a solution to the third equation,
 3 , 3 
2c
2ac
.
y=
x−
2b − a
2b − a

 2(a + b) 2c 
f. Is 
,  a solution to all three equations?
 3
3

Check Your Understanding
10. Describe a benefit in a coordinate proof of placing one of the edges
of the triangle along the x-axis.
11. Point T is the centroid of QRS. Write a summary about the
properties of point T.

LESSON 26-3 PRACTICE
12. Use appropriate tools strategically. Cut out a large triangle and
use paper folding to construct the medians of the triangle. Verbally
describe how this construction demonstrates the theorem that the
medians of a triangle are concurrent.
13. Explain how to adapt the proof shown above to prove that a triangle
with two congruent medians is an isosceles triangle.
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9. What conclusion can you make about your findings?

Lesson 26-4
Points Along a Line Segment

ACTIVITY 26
continued

Learning Targets:

the coordinates of the point that is a given fractional distance along
• Find
a line segment.
the coordinates of the point that partitions a line segment in
• Find
a given ratio.

My Notes

SUGGESTED LEARNING STRATEGIES: Create Representations,
Activating Prior Knowledge
Maria tells Eric that she is going to walk from her math classroom to the
cafeteria. Before leaving, she depicts her movement on a coordinate plane.
Her movement is an example of a directed line segment .
Maria indicates the math classroom on the coordinate plane as point M and
the cafeteria as point C. Each endpoint of the segment is designated by an
ordered pair.

MATH TERMS
A directed line segment is a line
segment that is designated with
direction.

Suppose Eric asks Maria to stop at the school’s office before heading to the
cafeteria. He indicates the location of the office as point O.
Suppose the math classroom is located at M(−2, −1) and the cafeteria
is at C(2, 7). The office, point O, is located 1 of the distance from point M
4
to point C.
1. Model with mathematics. Plot points M and C on a coordinate grid.
y
8
6
4
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2
–8

–6

–4

2

–2

4

6

8

x

–2
–4
–6
–8

2. Estimate the location of point O. Should point O be closer to point M
or to point C?
3. Compute the slope of MC.
4. Devise a method to determine the coordinates of point O. Then find the
coordinates of point O.

Activity 26 • Coordinate Proofs
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Lesson 26-4
Points Along a Line Segment

ACTIVITY 26
continued
My Notes

5. In which quadrant would you expect point O to be located?
6. Compare your method with a partner and check the reasonableness
of your answer. Justify why the coordinate pair for point O is correct
or incorrect.
7. If the office were located 43 of the way from the math classroom to the
cafeteria, would you expect either the x- or y-coordinate of point O to
be negative? Explain.

Example A
Refer to the directed line segment Maria and Eric plotted on the coordinate
grid. Find the coordinates of point O that lies along the directed line segment
from M(1, 1) to C(7, 6) and partitions the segment into the ratio 3 to 2.
y
C

6
5
4
3
2
1

M
1

2

3

4

5

6

7

x

Step 1: Find the percent.
3
3
= , or 60 percent of the distance from point M to
Point O is
point C. 3 + 2 5
Step 2: Compute the slope.

6 −1 5
= . The rise is 5 and the run is 6.
7 −1 6
Step 3: Determine the coordinates of point O.
The slope of MC =

Since points M, O, and C are collinear, the slope of MO must
be the same as MC.
Find the x-coordinate of point O by multiplying the run of the
slope by 60 percent and adding this value to the x-coordinate
of point M.
x-coordinate of point O: 6(0.6) + 1 = 4.6
Find the y-coordinate of point O by multiplying the rise of the
slope by 60 percent and adding this value to the y-coordinate
of point M: 5(0.6)+ 1 = 4
The ordered pair for point O is (4.6, 4).
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–1

Lesson 26-4
Points Along a Line Segment

Try These A

ACTIVITY 26
continued
My Notes

a. Find the coordinates of point T that lies 1 of the way along the directed
2
line segment from B(2, 0) to C(6, 4).

b. Point S lies along the directed line segment from A(2, 0) to R(6, 4).
Point S partitions the segment into the ratio 1:3. Find the coordinates
of point S.
c. Find the coordinates of point V that divides the directed line segment
from M(2, 4) to C(5, 10) and partitions the segment into the ratio 3 to 2.

Check Your Understanding
8. Critique the reasoning of others. A line segment is partitioned
into the ratio 5:6. Danny states that he needs to multiply the rise and
the run of the slope by 83.3 percent. Do you agree or disagree with
his process?
9. Plot the points in Try These A to determine if your ordered pair for
point V is reasonable.

© 2015 College Board. All rights reserved.

LESSON 26-4 PRACTICE
10. Make use of structure. Point R lies along the directed line segment
from Y(−1, −4) to X(7, 6) and partitions the segment into the ratio 1 to 4.
What is the slope of YX, and how does this slope compare to the slope
of YR?
11. Find the coordinates of point B that lies along the directed line segment
from F(1, 1) to G(7, 6) and partitions the segment into the ratio 2 to 4.
12. Find the coordinates of point W that lies along the directed line segment
from U(0, 5) to S(8, 10) and partitions the segment into the ratio 1 to 5.

Activity 26 • Coordinate Proofs
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Coordinate Proofs
Prove It!

ACTIVITY 26
continued

Write your answers on notebook paper.
Show your work.

Lesson 26-1
1. Given that points P and Q lie on a horizontal line,
write a coordinate proof to validate the midpoint
formula.
2. When Henry writes a coordinate proof about
a polygon, he often draws the polygon on the
coordinate plane so that one of its sides aligns
with an axis. Explain Henry’s reasoning
behind this.
3. Given that the coordinates of two vertices of
isosceles triangle WXY are W(0, 0) and Y(2d, 4f).
Which of the following coordinate pairs describes
point X?
A. (0, −f)
B. (4d, 0)
C. (2d, −6f)
D. (1d, 4f)
4. The diameter of a circle is indicated by FG. Point F
is located at (x1, y1), and point G is located at
(x2, y2).
a. Determine the coordinates of the center of the
circle, point O.
b. Suppose FG is divided into four congruent
segments: FA, AO, OB, and BG. Determine the
coordinates of points A, O, and B.

Lesson 26-2
5. If you use a horizontal line in a coordinate proof,
what can you assume about the slope of the line?
A. It is increasing.
B. It is undefined.
C. It is negative.
D. It is zero.
6. The product of the slopes of line a and line b
is −1. Which statement best describes how
these lines may look on a coordinate plane?
A. Line a is horizontal, and line b has an
increasing slope.
B. Line a is vertical, and line b has a decreasing
slope.
C. Line a has an increasing slope, and line b lies
on the y-axis.
D. Line a has an increasing slope, and line b has a
decreasing slope.
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Lesson 26-3
7. In triangle XYZ, the medians of the triangle are
also angle bisectors. In which type of triangle is
this possible?
A. Equilateral triangles B. Isosceles triangles
C. Right triangles
D. Scalene triangles
8. In triangle QRS, one of the medians is also an
angle bisector. You have been asked to write a
coordinate proof showing that this is true. Which
type of triangle should you sketch?
A. Equilateral triangle B. Isosceles triangle
C. Right triangle
D. Scalene triangle

Lesson 26-4
9. Point S partitions the segment into the ratio 2:3.
y
H

8
6
4
2

D
2

4

6

8

x

a. Convert the ratio to a percent.
b. Find the slope of DH.
c. Find the coordinates of point S.
10. Point Q lies along the directed line segment from
R(2, 1) to T(6, 4). Point Q partitions the segment
into the ratio 5:3. Find the coordinates of point Q.
11. Find the coordinates of point H that divides the
directed line segment from M(2, 4) to X(5, 6) and
partitions the segment into the ratio 5 to 1.

MATHEMATICAL PRACTICES

Construct Viable Arguments and Critique
the Reasoning of Others
12. Work in small groups to determine how to set up
a coordinate proof of the following theorem
using the proofs learned in this lesson:
The medians of a triangle are concurrent. The
length of the segment of a median from the vertex
to the point of concurrency is 2 the length of the
3
entire median.
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ACTIVITY 26 PRACTICE

Equation of a Circle

ACTIVITY 27

Round and Round
Lesson 27-1 Circles on the Coordinate Plane
Learning Targets:

• Derive the general equation of a circle given the center and radius.
• Write the equation of a circle given three points on the circle.

SUGGESTED LEARNING STRATEGIES: Quickwrite, Think-Pair-Share,
Create Representations, Vocabulary Organizer

How can the path of a windmill be described mathematically? Suppose the
coordinate plane is positioned so that the center of the windmill’s face is at
the origin.
1. Show that the points given in the diagram are on the circle by showing
that the coordinates of the points satisfy the equation given for the
circle.

My Notes
CONNECT TO STEM
A wind farm is an array of windmills
used for generating electrical
power. The world’s largest wind
farm at Altamont Pass, California,
consists of 6,000 windmills. Wind
farms supply about 1.5% of
California’s electricity needs.

a. x2 + y2 = 4
y

(1 , √3)
x
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(0 , –2)

b. x2 + y2 = 36
y

(–5 , √11)
(6 , 0)
x

Activity 27 • Equation of a Circle
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Lesson 27-1
Circles on the Coordinate Plane

ACTIVITY 27
continued
My Notes

Consider the circle below, which has its center at (0, 0) and has a radius of
5 units.
y
(x, y)
5
x

MATH TIP
A circle is the set of all coplanar
points (x, y) that are a given
distance, the radius, from a point,
the center.

2. Suppose (x, y) is a point on the circle.
a. Use the distance formula to write an equation to show that the
distance from (x, y) to (0, 0) is 5.

b. Square both sides of your equation to eliminate the square root.

MATH TIP
Recall: ( x ) = x 2 = x
2

Consider a circle that has its center at the point (h, k) and has radius r.
y
r
(h, k)

3.

x

Suppose (x, y) is a point on the circle.
a. Use the distance formula to write an equation to show that the
distance from (x, y) to (h, k) is r.

b. Square both sides of your equation to eliminate the square root.
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(x, y)

Lesson 27-1
Circles on the Coordinate Plane

ACTIVITY 27
continued
My Notes

Check Your Understanding
4. Write the equation of the circle described.
a. center (0, 0) and radius 7
b. center (0, 2), radius = 10
c. center (9, −4), radius = 15
5. Identify the center and radius of the circle.
a. (x − 2)2 + (y + 1)2 = 9
b. (x + 3)2 + y2 = 10

Suppose the center of the windmill is not positioned at the origin of a
coordinate plane but at (2, −3).
6. Draw a circle with center (2, −3) that contains the point (5, 1).
a. Write the equation of any circle with radius r and center (2, −3).

b. Substitute (5, 1) for (x, y) in the equation from Item 6a. Explain what
information this gives about the circle.

© 2015 College Board. All rights reserved.

c. Write the equation of the circle with center (2, −3) that contains the
point (5, 1).
7. Critique the reasoning of others. Wyatt made the statement that
the point (2, 6) lies on the circle centered at the origin and contains
the point (0, 4). He gave the following proof to support his statement:
radius = 4;
Equation of circle: (x − 0)2 + (y − 0)2 = 42
x2 + y2 = 16
Substitute (2, 6) for (x, y) in the equation.
22 + 6 2 = 16
4 + 12 = 16
16 = 16
Do you agree with Wyatt? If not, provide justification to support your
answer.

Activity 27 • Equation of a Circle
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Lesson 27-1
Circles on the Coordinate Plane

ACTIVITY 27
continued
My Notes

8. Consider the circle that has a diameter with endpoints (−1, 4) and
(9, −2).
a. Determine the midpoint of the diameter. What information does this
give about the circle?

b. Using one of the endpoints of the diameter and the center of the
circle, write the equation of the circle.

c. Using the other endpoint of the diameter and the center of the circle,
write the equation of the circle.

d. What do you notice about your responses to parts b and c above?
What does that tell you about writing the equation of a circle given
the endpoints of the diameter?

9. Follow the steps below to write the equation of the circle that contains
the following three points:
A(−4, −1), B(6, −1), and C(6, 5).

x

MATH TIP
Recall that the perpendicular
bisectors of chords of a circle
intersect at the center of the circle.

a.
b.
c.
d.

Graph the three points.
Draw the chords AB and BC.
Graph the perpendicular bisectors of the chords.
What are the coordinates of the center of this circle?

e. Write the equation of the circle using the center and any one of the
given points A, B, or C.
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y

Lesson 27-1
Circles on the Coordinate Plane

ACTIVITY 27
continued
My Notes

Check Your Understanding
10. Explain how to use absolute value to determine the radius of a circle
centered at the origin, given a point on the x-axis.
11. Write the equation of the circle described.
a. center (3, 6) passes through the point (0, −2)
b. diameter with endpoints (2, 5) and (−10, 7)
c. contains the points (−2, 5), (−2, −3), and (2, −3)

LESSON 27-1 PRACTICE
12. Write the equation of a circle centered at the origin with the given
radius.
a. radius = 6
b. radius = 12
13. Write the equation of a circle given the center and radius.
a. center: (7, 2); radius = 5
b. center: (−4, −2); radius = 9
14. Identify the center and radius of the circle.
a. (x − 5)2 + y2 = 225
b. (x + 4)2 + (y − 2)2 = 13
15. Model with mathematics. An engineer draws a cross-sectional area
of a pipe on a coordinate plane with the endpoints of the diameter at
(2, −1) and (−8, 7). Determine the equation of the circle determined
by these endpoints.

© 2015 College Board. All rights reserved.

16. Points A(2, −4), B(6, −2), and C(5, 5) lie on circle P.
a. Determine the center of circle P.
b. Determine the radius of circle P.
17. Points X(2, 2), Y(2, 14), and Z(8, 8) lie on circle O. Determine the
equation of circle O.

Activity 27 • Equation of a Circle
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Lesson 27-2
Completing the Square to Find the Center and Radius of a Circle

ACTIVITY 27
continued
My Notes

Learning Targets:

• Find the center and radius of a circle given its equation.
the square to write the equation of a circle in the form
• Complete
(x − h) + (y − k) = r .
2

2

2

SUGGESTED LEARNING STRATEGIES: Vocabulary Organizer,
Create Representations, Think-Pair-Share
When an equation is given in the form (x − h)2 + (y − k)2 = r2, it is easy to
identify the center and radius of a circle, but equations are not always given
in this form. For instance, the path of a windmill is more realistically
represented by a more complicated equation.
1. Suppose the path of a windmill is given by the equation x2 + 6x +
(y − 2)2 = 16. Describe how this equation is different from the standard
form of the circle equation.

To complete the square:
• Keep all terms containing x on
the left. Move the constant to
the right.
• If the x2 term has a coefficient,
divide each term by that
coefficient.
• Divide the x-term coefficient
by 2, and then square it. Add this
value to both sides of the
equation.
• Simplify.
• Write the perfect square on
the left.

In algebra, you learned how to complete the square to rewrite quadratic
polynomials, such as x2 + bx, as a factor squared. The process for completing
the square is depicted below.
b

x
x

x2

+

bx

x
x

b
2

x+ b
2
x+ b
2

b
2

2

 b2 

2. What term do you need to add to each side of the equation
x2 + 6x + (y − 2)2 = 16 to complete the square for x2 + 6x?

3. Complete the square and write the equation in the form
(x − h)2 + (y − k)2 = r2.

4. Make use of structure. Identify the center and the radius of the
circle represented by your equation in Item 3.
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MATH TIP

Lesson 27-2
Completing the Square to Find the Center and Radius of a Circle

ACTIVITY 27
continued
My Notes

Check Your Understanding
5. Complete each square, and write the equation in the form (x − h)2 +
(y − k)2 = r2.
a. x 2 − 2 x + y 2 = 3
b. x 2 + 3x + ( y + 2)2 = 1

Sometimes equations for circles become so complicated that you may need to
complete the square on both variables in order to write the equation in
standard circle form.

Example A
A mural has been planned using a large coordinate grid. An artist has been
asked to paint a red circular outline around a feature according to the
equation x2 − 4x + y2 + 10y = 6. Determine the center and the radius of
the circle that the artist has been asked to paint.
Follow these steps to write the equation in standard circle form.
Step 1: Write the equation.
x2 − 4x + y2 + 10y = 7
Step 2: Complete the square on both the x- and y-terms.

CONNECT TO AP

2
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To complete the square on x − 4x, take half of 4 and square it. Add
this term to both sides of the equation. Then simplify, and write
x2 − 4x + 4 as a perfect square.
x2 − 4x + 4 + y2 + 10y = 7 + 4
(x − 2)2 + y2 + 10y = 11
To complete the square on y2 +10, take half of 10 and square it. Add
this term to both sides of the equation. Then simplify, and write
y2 + 10y + 25 as a perfect square.

You can use what you know about
circles to determine the equation
for a sphere. In calculus, you will
learn to compute how fast the
radius and other measurements
of a sphere are changing at a
particular instant in time.

(x − 2)2 + y2 + 10y + 25 = 11 + 25
(x − 2)2 + (y + 5)2 = 36
Step 3: Determine the center and radius of the circle.
Using the equation, the center of the circle is at (2, −5) and the
radius is 6.

Try These A
Find the center and radius of each circle.
a. (x − 5)2 + y2 − 2y = 8
b. x2 + 4x + (y − 4)2 = 12
c. x2 − 8x + y2 − 14y = 16
d. x2 + 6x + y2 + 12y = 4

Activity 27 • Equation of a Circle
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Lesson 27-2
Completing the Square to Find the Center and Radius of a Circle

ACTIVITY 27
continued
My Notes

Check Your Understanding
6. Refer to Example A. Explain how you know the x-coordinate of the
center of the circle is a positive value and the y-coordinate is negative.
7. Circle Q is represented by the equation (x + 3)2 + y2 + 18y = 4.
Bradley states that he needs to add 18 to each side of the equation to
complete the square on the y-term. Marisol disagrees and states that it
should be 9. Do you agree with either student? Justify your reasoning.
8. Circle P is represented by the equation (x − 8)2 + 9 + y2 + 6y = 25.
a. What is the next step in writing the equation in standard form for
a circle?
b. What is the radius of the circle?

LESSON 27-2 PRACTICE
9. Determine if the equation given is representative of a circle. If so,
determine the coordinates of the center of the circle.
a. x2 + y2 − 6y = 16
b. x − 49 + y2 − 6y = 4
c. x2 − 2x + y2 + 10y = 0

11. Reason quantitatively. On a two-dimensional diagram of the solar
system, the orbit of Jupiter is represented by circle J. Circle J is drawn on
the diagram according to the equation x2 − 4x − 9 + y2 + 5 = 0.
a. The center of the circle falls on which axis?
b. What are the coordinates of the center of the circle?
c. What is the radius?
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10. Determine the center and radius of each circle.
a. (x − 6)2 + y2 − 8y = 0
b. x2 − 20x + y2 − 12y = 8
c. x2 + 14x + y2 + 2y = 14

Equation of a Circle
Round and Round

ACTIVITY 27 PRACTICE

Write your answers on notebook paper.
Show your work.

Lesson 27-1
1. A circle is drawn on the coordinate plane to
represent an in-ground swimming pool. The circle
is represented by the equation (x − 3)2 + y2 = 4.
Which of the following points lies on the circle?
A. (1, 0)
B. (2, 1)
C. (1, −2)
D. (3, 0)
2. Two points on the circle given by the equation
(x − 1)2 + (y +3)2 = 100 have the x-coordinate −7.
What are the y-coordinates of those two points?
3. Write an equation for the circle described.
a. center (−3, 0) and radius = 7
b. center (4, 3), tangent to the y-axis
c. center (2, −1) and contains the point (4, 5)
d. diameter, with endpoints (2, −5) and (4, 1)
e. contains the points (−2, 3), (−2, 7), and (6, 3)

continued

5. Write the equation of a circle centered at the
origin with the given radius.
a. radius = 3
b. radius = 11
6. Which equation represents a circle with a
diameter at endpoints (−1, 5) and (3, 7)?
A. (x − 1)2 + (y − 6)2 = 5
B. (x − 2)2 + (y − 10)2 = 4
C. (x + 6)2 + (y + 1)2 = 25
D. (x + 10)2 + (y − 2)2 = 10
7. Which circle has a center of (0, –4)?
A. (x − 4)2 + y2 = 4
B. (x + 1)2 + (y − 4)2 = 4
C. x2 + (y + 4)2 = 16
D. (x + 4)2 + (y − 4)2 = 16
8. Suppose a cross-sectional area of a pipe is drawn
on a coordinate plane. The circle contains points
(1, 4), (9, 4), and (9, −2). Determine the equation
of the circle.
9. Identify the center and radius of the circle given by
each equation.
a. (x − 3)2 + y2 = 1
b. (x + 2)2 + (y + 1)2 = 16
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4. Explain how you can tell by looking at the
equation of the circle that the center of the circle
lies on the y-axis.

ACTIVITY 27

Activity 27 • Equation of a Circle
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ACTIVITY 27
continued

Lesson 27-2
10. Identify the center and radius of the circle
represented by the equation
(x + 4)2 + y2 − 10y = 11.
11. Circle Q is represented by the equation
(x + 1)2 + y2 + 6y = 5. Howard states that the
center of the circle lies in Quadrant III. Do you
agree? Justify your reasoning.
12. Circle P is represented by the equation
(x − 11)2 + y2 + 10y = 25. What is the radius of
the circle?
A. 5
B. 10
C. 25
D. 50

Equation of a Circle
Round and Round

14. For any equations in Item 13 that are not
equations of a circle, explain how you
determined your answer.

MATHEMATICAL PRACTICES

Look For and Make Use of Structure
15. Given an equation of a circle, how can you
determine when you need to complete the square
to determine the coordinates of the center of the
circle? Write an example of an equation of a circle
where you would have to complete the square to
determine that the circle has a radius of 10 and a
center of (4, 6).
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13. Determine if the equation given is representative
of a circle. If it is, determine the coordinates of
the center of the circle.
a. x + 5 − y2 − y = 5
b. x2 − 2 + y2 − 8y = 7
c. x2 + 2x + y2 − 16y = 0
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Equations of Parabolas

ACTIVITY 28

Throwing a Curve
Lesson 28-1 Parabolas on the Coordinate Plane
Learning Targets:

• Derive the general equation of a parabola given the focus and directrix.
• Write the equation of a parabola given a specific focus and directrix.

My Notes

SUGGESTED LEARNING STRATEGIES: Create Representations,
Interactive Word Wall, Critique Reasoning

Recall from your study of quadratic functions that the graph of a function in
the form ax2 + bx + c = y is a curve called a parabola. A parabola is defined
geometrically as the set of points in a plane that are equidistant from a given
point, called the focus, and a given line, called the directrix.
Consider the graph below, on which the focus is located at (0, 1) and the
directrix is given by the linear equation y = −1. For the curve to be a
parabola, the distance from any point A on the curve to the focus and the
distance from point A to the directrix must be equal.

MATH TIP
To determine the distance from a
point to a line, find the length of
the perpendicular line segment
from the line to the point.

y

Focus
(0, 1)

A(x, y)

x
Directrix y = –1
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Use the graph of the parabola shown above to derive an equation for the
parabola.
1. The ordered pairs and equation for the focus, directrix, and point A on
the parabola are as follows:
Focus
(0, 1)
Directrix
y = −1
Point A
(x, y)
Write an expression in terms of y for the distance between point A and
the directrix.
2. Write an expression for the distance between the focus and point A.

Activity 28 • Equations of Parabolas
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Lesson 28-1
Parabolas on the Coordinate Plane

ACTIVITY 28
continued
My Notes

3. Set the expressions in Items 1 and 2 equal and solve for y. Show your
work.

4. Suppose the ordered pair for the focus is given as (0, p) and the line for
the directrix is given as y = −p. How would you modify your equation
in Item 3 to generalize for any parabola? Show your work by completing
the following.
a. Write an expression for the distance between point A and the
directrix.
b. Write an expression for the distance between the focus and point A.
c. Set the expressions equal and solve for y.
CONNECT TO AP
In calculus, you will use vectors as
well as parametric equations to
find the distance from a point to
a line.

6. Based on what you know about quadratic equations, what can be
determined about the vertex of the parabola in Item 5?

Check Your Understanding
7. Write the equation of the parabola with vertex at the origin, focus
(0, 8), and directrix y = −8.
8. Suppose a point on a parabola is (4, 5) and the directrix is y = −1.
Describe two methods you could use to determine the distance
between the point and the directrix.
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5. Write the general equation of a parabola given the focus (0, p) and
directrix y = −p.

Lesson 28-1
Parabolas on the Coordinate Plane

ACTIVITY 28
continued

In your study of quadratic functions, you learned that some parabolas
open up or down. Some parabolas also open to the left or to the right.

My Notes

9. If a parabola opens to the left or to the right, what must be true about
the directrix?
10. Given that the focus is (p, 0), determine a general equation that can be
used for a parabola that opens to the left or right.

11. Make use of structure. How can you determine if a parabola with
focus (p, 0) opens to the left or to the right?

Example A

Write the equation of a parabola with focus (−3, 0) and directrix x = 3.
Step 1: Graph the focus and directrix on the coordinate plane.
y
6
4
Directrix
x=3

2
(–3, 0)
–6

–4

2

–2

4

6

x
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–2
–4
–6

Step 2: Find p.
Since the focus and the directrix must be equidistant from any
point on the parabola, find p by finding half the distance between
the focus and the directrix.
Distance = 6, so p = 3.
Step 3: Write the equation of the parabola.
Substitute the value of p into the general equation for a parabola
that opens left or right. Since the parabola opens to the left,
substitute p = −3 into the equation.
x = 41p y 2
1 y2
4(−3)
1 y2
x = − 12
x=

Activity 28 • Equations of Parabolas
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Lesson 28-1
Parabolas on the Coordinate Plane

ACTIVITY 28
continued
My Notes

Try These A
Write the equation of a parabola with its vertex at the origin for each
focus and directrix.
a. focus: (0, −5); directrix: y = 5

b. focus: (−4, 0); directrix: x = 4

12. Explain how you know if the parabola in Try These Item a opens up,
down, left, or right.

Check Your Understanding
13. Write the equation of the parabola with vertex (0, 0) and
directrix y = 9.

LESSON 28-1 PRACTICE

15. Write the equation of the parabola with vertex (0, 0), focus (0.25, 0),
and directrix x = −0.25.
16. Critique the reasoning of others. Hans describes a parabola
by saying that the vertex of the parabola is at the origin, the focus is at
(0, −6), and the directrix is y = −10. Mei says that the curve Hans is
describing is not a parabola. With whom do you agree? Explain.
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14. Write the equation of the parabola with focus (0, 4) and
directrix y = −4.

Lesson 28-2
Parabolas with Vertex (h, k)

ACTIVITY 28
continued

Learning Targets:

• Derive the general equation of a parabola given the vertex and directrix.
• Write the equation of a parabola given a specific vertex and directrix.

My Notes

SUGGESTED LEARNING STRATEGIES: Create Representations, Look
for a Pattern, Summarizing, Predict and Confirm

The graph of a quadratic function in the form y = ax2 is a parabola with its
vertex at the origin. The graph of a quadratic function in the form y = ax2 +
bx + c is also a parabola, but its vertex is not necessarily at the origin.
A parabolic satellite dish is modeled by the parabola y + 1 = 1 (x − 2)2.
4
1. To graph the equation, first rewrite the equation by isolating the y–term.
2. Consider what you have learned about transformations to predict how
the graph of the parabola compares to the graph of y = 1 x 2 .
4

3. Model with mathematics. Graph y = 1 x 2 on the coordinate plane.
4
Then graph the translations from Item 2 to draw the graph of
y + 1 = 1 (x − 2)2.
4
y
10
8
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6
4
2
–8

–6

–4

2

–2
–2
–4

4

6

8

x

TECHNOLOGY TIP
Check your graphs using a graphing
calculator. Use the trace feature to
identify the vertex of a parabola.

–6

Activity 28 • Equations of Parabolas
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Lesson 28-2
Parabolas with Vertex (h, k)

ACTIVITY 28
continued
My Notes

4. Determine the vertex of the translated parabola in Item 3.

5. Make sense of problems. Examine the equation y + 1 = 1 (x − 2)2,
4
the vertex, and the graph of the parabola. Write a summary statement
explaining what you just discovered.
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6. Draw a conclusion about how to use the equation of a parabola in the
form y − k = 41p (x − h)2 to determine the vertex of the parabola.
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Lesson 28-2
Parabolas with Vertex (h, k)

ACTIVITY 28
continued
My Notes

Example A

Write the equation of a parabola with vertex (2, 3) and directrix y = 2.
Step 1: Graph the vertex and directrix on the coordinate plane.
y
6
Directrix
y=2

–6

–4

4

(2, 3)

2
2

–2

4

6

x

–2
–4
–6

Step 2: Find p.
The focus and the directrix must be equidistant from any point on
the parabola, and p is the distance between the vertex and the
directrix.
p=1
Step 3: Write the equation of the parabola.
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Substitute the value of the vertex (h, k) and the value of p into the
general equation for a parabola that opens up or down.
Substitute h = 2, k = 3, and p = 1.
2
y − k = 41p ( x − h)
y − 3 = 1 (x − 2)2
4(1)
y − 3 = 14 (x − 2)2

Activity 28 • Equations of Parabolas
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Lesson 28-2
Parabolas with Vertex (h, k)

ACTIVITY 28
continued
My Notes

Try These A
Write the equation of a parabola with the given vertex and directrix.
a. vertex: (4, 1); directrix: y = −3
b. vertex: (1, 1); directrix: y = −11

Check Your Understanding
7. Identify the ordered pair that describes the location of the vertex for
1
an equation in the form x − h = ( y − k )2. Compare this to your
4p
response to Item 6.
8. Write an equation for a parabola with vertex (5, −2) and directrix
y = −4.

LESSON 28-2 PRACTICE
9. Write an equation for a parabola with vertex (−1, 5) and directrix y = 2.
10. Write the equation of the parabola with focus (1, 1) and directrix y = −3.

12. Write the equation of the parabola with vertex (−3, −1) and focus
(−3, −3).
13. Write the equation of the parabola with focus (1, 4) and directrix x = 3.
14. Casey throws a football for 40 yards. The maximum height the ball
reaches is 12 yards. Model the path of the football with the equation of a
parabola that goes through (0, 0) and has a directrix of y = 20.
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11. Model with mathematics. Alberto models the parabolic path of a
seagull using the equation y − 4 = (x − 3)2 . The vertex of the parabola
represents the point at which the seagull snatches a crab off the beach.
What is the vertex of the parabola?

Equations of Parabolas
Throwing a Curve

ACTIVITY 28
continued

ACTIVITY 28 PRACTICE

y

3.

Write your answers on notebook paper.
Show your work.

6
Directrix
x = –4
4

Lesson 28-1
For Items 1–3, write the equation of the parabola
shown.
1.

y

2
Focus = (4, 0)
–6

(0, 0)

2

4

6

x

–2
Directrix
x=7

–4
–6

(0, 0)

Foucs = (–7, 0)

2.

x

4. The equation of a parabola is y = 1 x 2 . The
12
vertex of the parabola is at the origin. What are
the coordinates of the focus?
A. (0, 3)
B. (3, 0)
C. (4, 3)
D. (0, −4)

y
(5, 4)

4
Focus =
(0, 1.5)
–4

(0, 0)

–2
–2

(5, –1.5)

x

6. Write the equation of the parabola with focus
(0, −6) and directrix y = 6.
7. Write the equation of the parabola with focus
(0, 10) and directrix y = −10.

© 2015 College Board. All rights reserved.

Directrix
y = –1.5

4

5. Write the equation of the parabola with focus
(2, 0) and directrix x = −2.

Activity 28 • Equations of Parabolas
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Equations of Parabolas
Throwing a Curve

ACTIVITY 28
continued

Lesson 28-2
For Items 8 and 9, identify the vertex of each
parabola.

14. Determine the equation of the parabola graphed
on the coordinate plane below.
y

8. focus (4, 4); directrix y = 6

4

9. focus (2, 0); directrix x = −4
Write the equation for each parabola given the
following information.
10. vertex (0, −2); directrix y = 2
11. focus (3, 1); directrix x = −2
12. A parabola is modeled by the equation
(x − 5)2
( y + 2) = 12 . Identify the vertex and
directrix.

2

–2

4

x

–4
–8
–12
–16

MATHEMATICAL PRACTICES

Reason Abstractly and Quantitatively
15. Use what you know about coordinate geometry
to represent the focus as an ordered pair and the
directrix as an equation for each standard form of
a parabola.
a. y − k = 1 (x − h)2
4p
b. x − h = 41p ( y − k )2
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13. Which equation represents a parabola with focus
(2, 6) and directrix y = 2?
A. y + 4 = 1 (x − 2)2
10
B. y − 4 = 1 (x − 2)2
8
C. y + 6 = − 1 (x − 2)2
8
1 (x + 2)2
D. y − 6 = − 10

–4
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Constructions

ACTIVITY 29

Constructive Thinking
Lesson 29-1 Constructions with Segments and Angles
Learning Targets:

• Use constructions to copy a segment or an angle.
• Use constructions to bisect a segment or an angle.

My Notes

SUGGESTED LEARNING STRATEGIES: Construct an Argument,
Look for a Pattern, Create a Plan

An architect is working on plans for a new museum. The architect often relies
on CAD programs to create her architectural drawings, but sometimes she uses
geometric constructions to make additional drawings directly on printouts.
Geometric constructions were used to make architectural drawings prior to
CAD programs and other advances in computer technology. The only tools
involved in geometric constructions are a compass and straightedge. A
compass is used to draw circles and arcs, and a straightedge is used to draw
segments, rays, and lines.
The architectural plan shows a circular opening for a window above the front
museum entrance. The architect wants to construct a square pane of glass in
the circular opening.
1. Use appropriate tools strategically. Draw a point P. Use your
compass to draw various circles with center at point P.

MATH TIP
In geometry, the terms construct,
sketch, and draw have very different,
specific meanings. In an instruction
to construct a geometric figure, it is
implied that only a compass and a
straightedge are permitted to
complete the task. In an instruction
to sketch a figure, a quick jotted
picture is intended to illustrate
relative geometric relationships.
Accurate measurements are not
required in a sketch. A drawing
usually implies a more careful
image made with a ruler and/or
a protractor.

CONNECT TO HISTORY

© 2015 College Board. All rights reserved.

2. Describe the effect of the compass setting on the size of a circle.
To construct the square pane of glass, the architect first needs to know how
to construct congruent segments.

This table of geometry, from the
1728 publication titled
Cyclopaedia, illustrates classic
constructions.

3. Construct a segment congruent to a given segment.
a. Use a straightedge to draw a line segment. Label the endpoints E and Z.

b. Now use the straightedge to draw another segment, slightly longer
than EZ. Mark a point on the segment and label it C.
c. Set the compass to the length of EZ.
d. Describe how to use the compass to draw a segment congruent to
segment EZ that has point C as one of the endpoints.
e. How can you use the properties of a circle to verify that the two
segments have the same length?

Activity 29 • Constructions
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Lesson 29-1
Constructions with Segments and Angles

ACTIVITY 29
continued
My Notes

To create visual interest for the museum ceiling, the architect plans to design
a triangular pattern with some of the support beams. The architect needs to
determine which sets of beams can be used to form a triangle.
4. The architect is examining the following segments to use in her drawing.
(1)
(2)
(3)
(4)
(5)
(6)

MATH TIP
The Triangle Inequality Theorem
states that the sum of the lengths
of any two sides of a triangle must
be greater than the length of the
third side.

a. Try to construct a triangle using segments 1, 3, and 4. Do these
segments form a triangle?

b. Try to construct a triangle using segments 2, 5, and 6. Do these
segments form a triangle?

d. Construct viable arguments. Make a conjecture as to why some
of the segments form a triangle and some do not.
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c. Experiment with other combinations of three segments. Name a set
of segments that forms a triangle and a set of segments that does not
form a triangle.

Lesson 29-1
Constructions with Segments and Angles

ACTIVITY 29
continued

The architect decides to use segments 1, 2, and 4 to create triangular
windows in the museum library. In order to duplicate the triangle, the
architect needs to make sure that the angles of the windows are congruent.
5. Construct an angle congruent to a given angle.
a. Use a straightedge to draw an acute angle.
Label the angle CAT. Use the compass to
draw an arc through the angle as shown.

My Notes

C

A

T

b. Now use the straightedge to draw a new ray,
and label the endpoint O.
c. Place one end of your compass on point O and draw a large arc.
Using the same radius as in Step 5a, place the center of your compass
at point O and draw an arc. Label the point of intersection with the
ray as G.
d. Describe how to use the compass to measure the opening of ∠CAT.
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e. Explain a method for constructing ray OD to form ∠DOG so that
∠CAT is congruent to ∠DOG.

f. Critique the reasoning of others. Maria says that it will not
matter whether the radius of the compass changes from Step d to
Step e. Is she correct or incorrect? Explain your answer.

6. How can you use the properties of a circle to verify that the two angles
you constructed in Item 5 have the same measure?

Activity 29 • Constructions
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Lesson 29-1
Constructions with Segments and Angles

ACTIVITY 29
continued
My Notes

Check Your Understanding
7. Use the given figures to create the following constructions on a
separate sheet of unlined paper.
A

B

C

D
H

E

J
G

F

a.
b.
c.
d.

I

Construct and name a segment congruent to AB.
Construct and name a segment with length equal to 3CD − AB.
Construct and name an angle congruent to ∠EFG.
Construct an angle with measure equal to m∠EFG + m∠HIJ.

The architect’s plans include a column in the museum foyer that intersects
the second floor as a perpendicular bisector.
8. Suppose WO represents the second floor of the museum.
W

O

b. To draw the perpendicular bisector of WO,
you will first draw a large arc with the
compass point at point W, as shown in
the figure.
• What determines how wide you should
open the compass?

•
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G
W

O
L

What arc do you need to draw next? Will you adjust your compass
setting?
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a. Make sense of problems. What must be true about the column
for it to be considered a perpendicular bisector?

Lesson 29-1
Constructions with Segments and Angles

c. Draw the final arc. Make sure the arc is large enough to intersect the
other arc above and below the line segment. Then align a straightedge
with the intersection points of the arcs (above and below the line
segment) to draw the perpendicular bisector.

ACTIVITY 29
continued
My Notes

Explain why the construction guarantees that the constructed line is
the perpendicular bisector of WO.

9. A step-by-step process for constructing an angle bisector follows. Use
what you have learned about constructions and your knowledge of
bisectors to describe the step-by-step process. Be sure to identify the
tools used in each step.
a. Given ∠A.

A

b.
P

T

© 2015 College Board. All rights reserved.

A
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Lesson 29-1
Constructions with Segments and Angles

ACTIVITY 29
continued
My Notes

c.
P

A

T

d.

R

P

A

T

e.
R

P

T

10. Construct viable arguments. Explain why the construction in Item 9
guarantees that the constructed ray is the bisector of the given angle.
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A

Lesson 29-1
Constructions with Segments and Angles

ACTIVITY 29
continued
My Notes

Check Your Understanding
11. Make sense of problems. Explain how you could construct a
segment whose length is half the length of WO.
W

O

12. Perform the construction you described in Item 11.

LESSON 29-1 PRACTICE
13. Describe a way to divide WO into four congruent segments.
W

O

14. Explain why the construction in Item 5 guarantees that the constructed
angle is congruent to the original angle.
15. Attend to precision. Construct the angle bisector of ∠Z.
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Z
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Lesson 29-2
Constructions with Parallel and Perpendicular Lines

ACTIVITY 29
continued
My Notes

Learning Targets:

• Construct parallel and perpendicular lines.
• Use constructions to make conjectures about geometric relationships.
SUGGESTED LEARNING STRATEGIES: Predict and Confirm,
Simplify the Problem, Think-Pair-Share, Critique Reasoning, Sharing
and Responding

A designer working with the architect wants to design the children’s part of
the museum with exposed ducts and pipes.
The designer requests that the pipes run parallel to each other across the top
of the room.
1. The architect constructs line ℓ to represent one pipe. She then marks
point H on the drawing to indicate where the next pipe should be
located.
H
l

a. What must be true about the line drawn through point H?

c. Since two points determine a line, you need to use your compass
setting to draw one more point. How many intersecting arcs do you
need to draw to create a point?
d. Examine the figure. At which points should
you place your compass next to draw the
arcs for point P? Should you change your
compass setting?

P

H

l
A

T

e. Draw the arcs to locate a point on your diagram. Label it P. Then use
your straightedge to draw the line that passes through points H and P.
2. In Item 1, if you were to draw segments HA and PT, what type of
quadrilateral would be formed?
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b. Use appropriate tools strategically. Draw a point on line ℓ and
label it A. Use your compass to draw an arc through point H and line
ℓ. Label the intersection of the arc with line ℓ as point T.

Lesson 29-2
Constructions with Parallel and Perpendicular Lines

3. Explain why the construction in Item 1 guarantees that the constructed
line is parallel to the given line. Review your answer. Be sure to check
that you have described the situation with specific details, included the
correct mathematical terms to support your reasoning, and that your
sentences are complete and grammatically correct.

ACTIVITY 29
continued
My Notes

Now the architect needs to draw a post to support the handrail for a sloped
access ramp, indicated by line ℓ below. The post needs to be perpendicular to
line ℓ at point O.
O

l

4. Sonia suggests that the architect use point O as the center of a circle and
draw arcs on both sides of point O in order to determine the endpoints
of the diameter of a circle.
a. How do the two points that indicate the endpoints of the diameter of
circle O help the architect find the perpendicular to line ℓ at point O?

© 2015 College Board. All rights reserved.

b. Use the above idea and what you learned from Item 8 of the previous
lesson to construct a line perpendicular to line ℓ through point O.
Show your construction in the space below.

5. Attend to precision. Kendrick said the line constructed in Item 4 is
actually the perpendicular bisector of line ℓ. Do you agree? Why or
why not?

6. Could you use the construction you discovered in Item 4 to construct a
rectangle? Explain.

Activity 29 • Constructions
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Lesson 29-2
Constructions with Parallel and Perpendicular Lines

ACTIVITY 29
continued
My Notes

Check Your Understanding
7. Construct a line through point C that is parallel to line m.
C

m
D

8. Construct a line through point H that is perpendicular to line l.
H



Basic constructions involving line segments and congruent angles can be
used to discover other geometric relationships.

MATH TIP

H
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To construct the right triangle, first
construct a perpendicular at point
H. Then use the straightedge to
draw the hypotenuse of a right
triangle.

9. Model with mathematics. You will now use constructions to
investigate the location of a point of concurrency of the perpendicular
bisectors of the sides of a right triangle.
a. First, construct a large right triangle given line ℓ and point H.

b. Now construct the perpendicular bisector of each side of the triangle.
c. Compare your findings with those of your classmates. Make a
conjecture about the point of concurrency of the perpendicular
bisectors in any right triangle.
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Lesson 29-2
Constructions with Parallel and Perpendicular Lines

ACTIVITY 29
continued
My Notes

Check Your Understanding
10. For an acute triangle, does the point of concurrency of the
perpendicular bisectors ever lie on a side of the triangle? Perform a
few constructions to experiment, and then use your results to justify
your answer.
11. To construct a kite, Omar starts by constructing two segments that are
perpendicular to each other. Perform the construction, and then
explain his reasoning for beginning the construction this way.

LESSON 29-2 PRACTICE
For each construction, show your construction lines.
12. Construct and label a right triangle with legs of lengths HI and JK.
(Hint: Extend JK and construct a perpendicular line at point J. Then
construct a segment congruent to HI on the perpendicular line.)
H

I

J

K

13. Construct a line through point C that is perpendicular to line m. (Hint:
First place the point of your compass at C and draw an arc that
intersects line m in two points. Then consider what you know about
constructing a perpendicular bisector of a segment.)
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C

m
D

14. Construct viable arguments. Describe how to verify, using
constructions, that corresponding angles of two parallel lines cut by a
transversal are congruent. Use the figure below to help you.
S
P

X

T

M
A

R

K

Y
B
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Lesson 29-3
Constructions with Circles

ACTIVITY 29
continued
My Notes

MATH TERMS
A polygon is inscribed in a circle
when each vertex of the polygon is
on the circle.
A polygon is circumscribed about
a circle when each side of the
polygon touches the circle at
one point.

Learning Targets:

• Construct inscribed and circumscribed circles.
• Construct tangents to a circle.

SUGGESTED LEARNING STRATEGIES: Construct an Argument,
Identify a Subtask, Summarizing, Look for a Pattern

The architect is designing some of the light fixtures in the museum as regular
polygons inscribed in a circle. Recall that a regular polygon has sides that are
congruent and angles that are congruent.
1. Use your compass and straightedge to construct a regular hexagon in
a circle.
a. First use your compass to draw a large circle O in the space below.

b. Keep your compass width set to the radius of the circle.

d. What do you know about the side lengths of a regular hexagon?
What does this indicate about your compass width throughout the
construction?

MATH TIP
The radius of a regular hexagon is
congruent to the side lengths.

e. With the compass center positioned on the circle, draw your first arc
so that it intersects the circle. This is the first vertex of the hexagon.
Describe how to mark the rest of the vertices.

f. Use your straightedge to draw a segment between each adjacent
vertex.

422

SpringBoard® Mathematics Geometry, Unit 4 • Circles, Coordinates, and Constructions

© 2015 College Board. All rights reserved.

c. How many vertices and how many edges compose a hexagon?

Lesson 29-3
Constructions with Circles

2. Suppose each light fixture in Item 1 is partitioned into equilateral
triangles.
a. Explain how you can use your construction in Item 1 to draw
equilateral triangles in the circle. Then draw the triangles.

ACTIVITY 29
continued
My Notes

b. How many equilateral triangles did you construct?
c. Make use of structure. Explain how you are certain that the
triangles are equilateral.

3. Draw a circle in the space below and follow these steps to inscribe
a square in the circle.
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a. What tool can you use to draw the diameter of the circle?
b. Identify a property about the diagonals of a square that can help you
decide which construction you need to perform next.

MATH TIP
The endpoints of the diameter are
two of the vertices of the square.

c. Perform the construction to locate the other two vertices of the
square.
d. Use your straightedge to connect the vertices to form a square.
4. Explain why the largest hexagon that will fit in any circle is one that is
inscribed in the circle.

Check Your Understanding
5. Modify the last step of the construction described in Item 1 to construct
an equilateral triangle that is inscribed in a circle.

Activity 29 • Constructions
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Lesson 29-3
Constructions with Circles

ACTIVITY 29
continued
My Notes

Recall that the point of concurrency of the three angle bisectors of any
triangle is called the incenter. Use what you have learned about constructing
angle bisectors to construct a circle inscribed in a triangle.
6. Follow the steps below to construct the inscribed circle of a triangle.

a. Construct two angle bisectors.
b. Mark the incenter at the point of concurrency.
c. Construct a perpendicular line from the incenter to one side of the
triangle. Label this point X.
d. Name the part of the circle defined by the incenter and point X. Then
draw the circle.
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7. Use your compass to draw a triangle in the space below. Then construct
the circumscribed circle of the triangle. Create a statement summarizing
the construction you performed. (Hint: You will need to find the
circumcenter. The circumcenter is the point where the perpendicular
bisectors of the sides intersect.)
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Constructions with Circles

Sometimes architects have to perform more complex constructions in order
to specify exactly what they are designing.

ACTIVITY 29
continued
My Notes

8. A truss inside the museum is to run tangent to a large, circular clock.
a. Represent the clock by drawing any circle A with your compass. Plot
a point P outside the circle. Draw a segment from the center of
circle A to external point P.

b. The next step is to find the midpoint M of AP. What construction
should you perform?
c. If MP is the radius of circle M, describe how you would construct
circle M.
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d. Is there a point that circle A and circle M have in common? If so,
label this point B.
e. Through which two points can you draw a segment so that it is
tangent to circle A? Complete the construction.
9. Explain why the construction in Item 8 guarantees that the constructed
line is tangent to circle A.

Activity 29 • Constructions
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Lesson 29-3
Constructions with Circles

ACTIVITY 29
continued
My Notes

Check Your Understanding
10. Construct an equilateral triangle with sides congruent to AB. Then
construct the inscribed circle of the triangle.
B

A

11. Draw a right triangle. Construct the circumscribed circle of the
triangle.
Did you have to change the procedure in Item 7 to draw the
circumscribed circle? Explain why or why not.

LESSON 29-3 PRACTICE
12. Construct an equilateral triangle with sides congruent to AB. Then
construct the circumscribed circle of the triangle.
B

13. Use appropriate tools strategically. Explain the steps you would
use to construct a tangent to circle C at point P.

C

P

14. Vladimir is working on a construction. The first few steps of the
construction are shown below, but the construction is not yet complete.
What is Vladimir constructing? What is his next step?
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A

Constructions
Constructive Thinking

ACTIVITY 29
continued

ACTIVITY 29 PRACTICE

Lesson 29-1

Write your answers on notebook paper.
Show your work.
For Items 1–11, use the given figures to complete your
answers. Do not erase your construction marks.
A

B

1. Construct and name an isosceles triangle with
legs of length EF and base of length AB. Describe
the steps used to complete the construction.
2. Construct and name a square with sides of length
CD. Describe the steps used to complete the
construction.
3. Construct and name a triangle with sides of
lengths AB, CD, and EF.
4. Which theorem supports the fact that AB, CD,
and EF can form a triangle?
A. Pythagorean Theorem
B. Exterior Angle Theorem
C. Isosceles Triangle Theorem
D. Triangle Inequality Theorem

Y
Z

5. Construct and name an equilateral triangle with
sides of length EF.

C

D

E

F
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Q

T

R

S
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ACTIVITY 29
continued

Lesson 29-2
6. Construct and name a rectangle with consecutive
sides of lengths CD and EF.
7. Construct and name a parallelogram congruent
to parallelogram QRST. Describe the steps used
to complete the construction.
8. Construct and name a rhombus with diagonals of
lengths AB and EF.
9. Construct and name a rectangle with a side of
length CD and diagonals of length EF.
10. Which of the following would it not be possible
to construct with a compass and straightedge?
A. a line perpendicular to a given line through a
point not on the line
B. a line perpendicular to a given line through a
point on the line
C. a line parallel to a given line through a point
not on the line
D. a line parallel to a given line through a point
on the line

Lesson 29-3

12. Summarize why the construction in Item 11
guarantees a regular hexagon.
13. Construct an equilateral triangle inscribed in
a circle.
14. Construct a square inscribed in a circle.
15. Square LMNP is inscribed in a circle. The length
of which of the following segments is also the
diameter of the circle?
A. LM
B. MN
C. LN
D. NP

MATHEMATICAL PRACTICES

Reason Abstractly and Quantitatively
16. You have been asked to bisect a very long line
segment, so you first open your compass to the
widest setting possible. Unfortunately, the
compass is not able to open far enough to
construct the bisection. Devise a method to
perform the geometric construction on the
segment.
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11. Construct and name a regular hexagon with sides
of length AB using the following steps:
• Construct a circle of radius AB.
• Construct consecutive chords of length AB
around the circle.

Constructions
Constructive Thinking
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Coordinates and Constructions
LOCATION MATTERS

Embedded Assessment 2
Use after Activity 29

The owners of a grocery store chain have decided to open another store. The
owners have hired a site selection consultant to help them determine possible
locations for the new store. Choosing a location involves creating a list of
criteria of what the owners need and/or want from a business perspective
and then evaluating the criteria.
To help visualize the area of possible locations, the site selection consultant
plots Town A at (−4, −3) and Town B at (6, 4) on a coordinate plane.
Highway 1 is a straight road that connects the two towns, so he draws a line
segment connecting the two points on the coordinate plane.
1. The consultant speculates—using population density—that the best
place for the new grocery store is 3 of the way from Town A to Town B.
5
Find the coordinates for the possible location of the new grocery store.
2. The consultant states that from a product delivery standpoint, the new
grocery store should be located 25 miles from a grocery distribution
center. Write an equation that gives all possible locations of a grocery
distribution center, based on the location of the new store in Item 1.
3. The grocery distribution center that services the current grocery store
is located at (−7, 4). Suppose one unit on the coordinate plane equals
5 miles. Is it feasible for the new grocery store to also be serviced by
this distribution center? Explain.
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The owners tell the consultant that one criterion that is important to them is
for the new store to be located so that it is equidistant from the store’s three
main competitors.
4. The locations of the competitors’ stores can be represented by the
following ordered pairs: (0, 0), (8, 1), and (2, 8).
a. Plot the points on a coordinate plane.
b. Use a compass and straightedge to construct the perpendicular
bisectors of the three segments formed by the points.
c. Use the circumcenter to describe the approximate location for the
new grocery store.
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Coordinates and Constructions

Embedded Assessment 2

LOCATION MATTERS

Use after Activity 29

Mathematics
Knowledge and
Thinking

Exemplary

• A functional understanding • Partial understanding of

• Little or no understanding

•

•

•

Reasoning and
Communication
(Item 3)

430

understanding of how to
find the point on a directed
line segment between two
given points that partitions
the segment in a given ratio
Clear and accurate
understanding of how to
write the equation of a
circle and determine
whether a point lies in the
interior or exterior of the
circle
Clear and accurate
understanding of
perpendicular bisectors

•

of how to find the point on
a directed line segment
between two given points
that partitions the segment
in a given ratio
A functional understanding
of how to write the
equation of a circle and
determine whether a point
lies in the interior or
exterior of the circle
A functional understanding
of perpendicular bisectors

•

•

how to find the point on a
directed line segment
between two given points
that partitions the segment
in a given ratio
Partial understanding of
how to write the equation
of a circle and determine
whether a point lies in the
interior or exterior of the
circle
Partial understanding of
perpendicular bisectors

•

of how to find the point on
a directed line segment
between two given points
that partitions the segment
in a given ratio
Little or no understanding
of how to write the
equation of a circle and
determine whether a point
lies in the interior or
exterior of the circle
Little or no understanding
of perpendicular bisectors

• An appropriate and efficient • A strategy that may include • A strategy that results in

• No clear strategy when

• Clear and accurate

• Mostly accurate

• Partial understanding of

• Little or no understanding

•

•

•

•

strategy that results in
correct answers

(Items 1, 4c)

(Items 2, 4b)

Incomplete

• Clear and accurate

•

Mathematical
Modeling /
Representations

Emerging

The solution demonstrates these characteristics:

(Items 1, 2, 3, 4)

Problem Solving

Proficient

understanding of creating
the equation of a circle
given the center and radius
Clear and accurate
understanding of
constructing perpendicular
bisectors of line segments

unnecessary steps but
results in correct answers

understanding of creating
the equation of a circle
given the center and radius
Mostly accurate
understanding of
constructing perpendicular
bisectors of line segments

some incorrect answers

creating the equation of a
circle given the center and
radius
Partial understanding of
constructing perpendicular
bisectors of line segments

solving problems

of creating the equation of a
circle given the center and
radius
Little or no understanding
of constructing
perpendicular bisectors of
line segments.

• Correct answer and precise • Correct answer and mostly • Correct or incorrect answer • Incomplete or inaccurate
use of appropriate
mathematics and language
to justify whether (−7, 4) is
located within the circle

SpringBoard® Mathematics Geometry

correct use of appropriate
mathematics and language
to justify whether (−7, 4) is
located within the circle

and partially correct
explanation to justify
whether (−7, 4) is located
within the circle

use of appropriate
mathematics and language
to justify whether (−7, 4) is
located within the circle
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